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1 Introduction

Explicit examples of continuous nowhere differentiable functions have been
known since the 19th century. In 1872, for example, Karl Weierstrass, in a
lecture before the Royal Academy of Science in Berlin, demonstrated that
the function

W(z) = Z a” cos(bFrx)
k=0

is continuous but nowhere differentiable whenever 0 < a < 1, ab >
14 37/2,and b > 1 is an odd integer. Weierstrass” example was published
in 1875 by Paul du Bois-Reymond. Because his was the first published
example of a continuous nowhere differentiable function, Weierstrass is
generally given credit for being the first to give such a construction. How-
ever examples of continuous nowhere differentiable functions had already
been developed. Perhaps the first such construction was given by Bernard
Bolzano, circa 1830. Bolzano’s example is especially interesting in our
present setting since it does not make use infinite series; his construction
is essentially geometric. A fascinating account of the history of continuous
and nowhere differentiable functions can be found in the master’s thesis
of Thim [9].

In 1991, Katsuura [7] published an example of a continuous nowhere
differentiable function based on a fixed-point method. Let X = [0, 1]* de-
note the unit square of the plane and let K(X') denote the set of non-empty
compact subsets of X. K(X) is a complete metric space in the Hausdorff
metric (see, for example, Theorem 2.4.4 of Edgar [3]). Let A;, A, and A
be affine contractions on X given by the following rules: for (z,y) € X, let

T 2 2—x 1+
Al(xay)_(gagy)v AZ(xay):< 3 7Ty)v

24z 142y
A3($,y):( 3 3 3 )

These maps are illustrated in Figure 1.
Given F € K(X), let

A(F) = Ai(F) U Ay(F) U As(F).
Let Gy = {(z,x) : x € [0,1]} and, for k > 1, let
G = A1(Gr-1) U Ay (Gr—1) U A3(Gr—n).
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Figure 1: A; maps the unit square onto the green region
by contraction; A, maps the unit square onto the blue
region by contraction and reflection; and A; maps the
unit square onto the red region by contraction.
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Figure 2: The functions fy, f1, and f; respectively.

Katsuura showed that A is a contraction map on K(.X). As such, there is a
unique fixed point G of A in K(X), and G}, — G in the Hausdorff metric.
For each k& > 0, G}, is the graph of a continuous function, which we will
denote by f; see Figure 1. The set G is the graph of a function f, which is
Katsuura’s function. Katsuura showed that the sequence of functions { f,, }
converges uniformly to f and that f is continuous but nowhere differen-
tiable. Katsuura’s function is an example of self-affine dust and is closely
related to the class of Kiesswetter’s curves; see, for example, [3], p. 200ff.
Chuang and Lewis [2] studied the increments of Katsuura’s function
and showed that if z is chosen uniformly from the interval [0, 1), then
In|f(x + hi) — f(x)], suitably normalized, converges in measure to a stan-
dard normal random variable as h; — 0T along either hy, = 1/3" or hy, =
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2/3%, k — +o0. In part this result was anticipated in the literature, for prob-
abilistic properties of continuous nowhere differentiable functions had al-
ready been investigated by Kono [8] and Gamkrelidze [5] for Takagi’s
function and by Gamkrelidze [4] for Weierstrass” function. There are two
main themes in the present paper, both of which are motivated by the in-
vestigation Chuang and Lewis.

The chief shortcoming in the result Chuang and Lewis is the limitation
on the approach of i to 0 along the special subsequences. The underlying
issue is this: given h > 0 and x chosen uniformly from [0, 1), is the random
variable In |f(z + h) — f(x)| proper? Stated another way, does the set

{re€l0,1—=h): f(x+h)— f(z) =0}

have Lebesgue measure 0? In Section 4 we answer this question in the
affirmative provided that ~ > 0 is a triadic rational number, that is, h =
7/3* for some positive integers j and k; see Theorem 4.1. ! A crucial step
in the proof of this result is a series representation of Katsuura’s function
which we develop in Section 3; see Lemma 3.1.

The second main theme of this paper is focused on quantifying the
continuity of f. In Theorem 5.1 of Section 5 we give an explicit exponen-
tial rate for the uniform modulus of continuity of f and in Theorem 6.1
of Section 6 we give, among other things, an explicit exponential rate for
the local modulus of continuity of f. We show that f has the same local
behavior at almost all of the points in [0, 1] and that this local behavior is
quite different from the global or uniform behavior of f. In this way Kat-
suura’s function acts very much like the path of a Brownian motion. The
uniform behavior of a Brownian path is given by Lévy’s modulus of con-
tinuity while local behavior is given by the law of the iterated logarithm;
see, for example, Theorems 9.23 and 9.25 of [6].

2 Preliminary definitions and results
For k > 0,let D}, = {j/3" : j € Z} and let D = Uy, Dy, the so-called triadic

rational numbers. Throughout let ¢t € [0,1) and let ¢t = .t1t5t3... be the
unique ternary expansion of ¢.2

't is still open as to whether or not the set in question has measure 0 for any h > 0.
2Unique in the sense that t — .t1t2...%;, < 37%. In this way we eliminate ternary
expansions ending in repeating 2’s.



Let St = 3t(mod 1). Note that S is simply the shift operator on the
ternary expansion of ¢, that is,

S(tytoty -+ ) = toty- -

We will let S* denote the k-fold self-composition of S.

For k > 1, let T* be the truncation operator T*t = 37%|3"t|. Effectively
T* chops off all of the digits in the ternary expansion of a number after the
kth place; thus,

TH( ity .. tptggr...) = tity. .. 1,000, ..
Finally let 0y(f) = 0 and, for k > 1, let

Thus o (t) merely counts the number of times 1 appears in the first k terms
of the ternary expansion of t. Our next result is well known, but we in-
clude it for completeness.

2.1 Theorem. For each k > 1, oy : [0,1) — R is a binomial random variable
with parameters k and 1/3 with respect to Lebesgue measure.

Proof. Our proof is a minor modification of the analogous result for dyadic
expansions; see, for example, pages 3 through 5 of Billingsley [1]. Let m
denote Lebesgue measure.

Let uy, ug, . .., u be elements from {0, 1, 2}. Since

{z€0,1): T"x = wuy ... up} = [uruy . . ug, ugty . .. ug + 1/3%),

we may conclude that

1
m{z € [0,1): TFz = wjuy .. up} = 3

Since there are (¥)2¢~* arrangements of uy, us, . .., u;, containing exactly k
1’s, it follows that

wie e 0,1)onto) = = (V)i = (V) e,

as was to be shown. O



Fort e [0,1), let

pr(t) = (2/3)F O (=1/3)70 = 22— (1)

2.1 Lemma. Let k > 1. If aand (3 are consecutive elements of Dy, N [0, 1), then

(1) or(B) = ox(a) = 1 and
@) Ipe(B)] = 2% pr(e)]-

Proof. We will prove (1) by induction on k. The claim is certainly true if
k = 1; the elements of D; N [0,1) are .0, .1, and .2, and the corresponding
values of o; are 0, 1, and 0.

Let us suppose that the result is true for some k£ > 1 and let

a=.a1...ap and [B=.01...0k

be consecutive elements of D, N [0,1) with a@ < (; thus, we may assume
that

Then
o .oa0, ool g a2, B G0

will be consecutive elements in D1 N0, 1), and the corresponding values
of oy, for these numbers will be oy (a), op(a) + 1, ox(), and ox(5) =
or(o) £ 1, by (2). By inspection we find that the claim is true for these
consecutive elements of Dy N[0, 1) as well.

The proof of (2) follows trivially from (1) and the definition of p,. [

We will give an alternate description of the sequence of functions { fi }.
Let fo(x) = z be the identity function. Thereafter let

2fia(St) (3] =0
fult) =S =3 fimr(St)+ 2 [3t] =1 (3)
ha(St)+5 [3t) =2

We can summarize this in the compact formula:

fe() = pr(t) fe1(St) + fi(T?). (4)

Formula (4) can be easily extended by induction.
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2.2 Theorem. Foreach k > 1

Fi(t) = pj () fi—j (S7t) + £3(T71).
forallt € [0,1) and for each 1 < j < k.

Proof. The statement is true in the case & = 1 and j = 1, by the very
definition of f;. Now let us assume that the claim is true up to index k — 1
and let us consider the validity of this claim for index k.

Note that equation (4) establishes the base case, j = 1. Now let us
assume that this result is true up to an index 1 < j < k. Then we find that

Fi(t) = pi(t) fiej (S7t) + £;(T7t)
= s (S ey (ST RTS) 1 [T (by eq. (4)
= pi(O)p1(S7) fiom i) (S711E) + () L (TS7E) + f;(T71)
Observe that p;(¢)p1(S7t) = pj;+1(t). By our induction hypothesis,
fir1(t) = pi () f1(S78) + f3(T71);
thus, upon substituting 77*'¢ for ¢ in the above, we obtain
Fiet(T7F) = py (T771) fo(S7T7H) + (T TP 4.

However, p;(T7*'t) = p;(t), STt = T'Sit, and T'T7 "'t = T7¢. Conse-
quently, ’ ’ '
pi(t) [L(TS7t) + fi(T7) = fi4a(T711).
Summarizing our findings, we have
Je() = pjsr () frm 41y (S71) + fipa (T71),
as was to be shown. O

2.3 Theorem. For each j > 1,

F(&) = pi () (S7t) + f(T71). (5)

Proof. Recall that Katsuura’s function is the uniform limit of the sequence
{fx} on the unit interval. Thus by taking limits as & tends to infinity in the
formula of Theorem 2.2, we obtain

F(t) = pi () F(S78) + f5(T72). (6)
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We are left to show that f;(7Vt) = f(7t). Notice thatif u € D; N[0, 1), then
T'u = u, S%u = 0, and equation (6) becomes

fu) = fi(u).
In other words, f agrees with f; on D; N [0,1). ® In particular, since 77t €
D;N0,1), f(T7t) = f;(T7t), which finishes our proof. O

We finish this section with two simple consequences of Theorem 2.3.

2.1 Corollary. Let k > 1 and let o, 3 be consecutive elements of Dy, with o < (3.
Then f(3) — f(a) = pr(e).

Proof. For x € (o, 3), T"z = o and, by Theorem 2.3, f(x) = pi(«) f(S*z) +
f(a) Asz — =, S*z — 1 and, since f is continuous, this implies

f(B8) = pr(a) f(1) + f(a) = pr(a) + f(a),
as was to be shown. O

2.2 Corollary. Let k > 1 and let «, 3 be consecutive elements of Dy, with o < 3.
Ifa < ax < f3, then f(x) is between f(a) and f([3).

Proof. The claim is trivial if = « or x = (3; thus, we may assume that
a < x < 3. In this case, note that T*z = « and py(7) = pi(a); let u = Sk,
Then, by Theorem 2.3,

f(@) = pr(a) f(u) + f().

Recall that 0 < f(u) < 1 and, by Corollary 2.1, f(5) — f(«) = p(c). Thus
if pp(a) > 0, then

fla) < flz) < f(a) + prla) = f(B).
If pr(a) <0, then
f(B) = fla) + prle) < flz) < flo).

In either case, the claim has been established. O

3This assertion is quite clear from Katsuura’s geometric definition, but it is not difficult
to see on purely analytic grounds as well.



3 A representation formula

In this section we will present a series representation of the Katsuura func-
tion.

3.1 Lemma. Fort € [0,1),

Z Pe(t) f(tesr) (7)

Note please that f(.t;4+1) will be 0, 2/3 or 1/3 depending upon whether
tit1 = 0,1 or 2 respectively.

Proof. Lett = .t1tots--- € [0,1), and recall
Tt = tyty. .. 1,00 ..
Since f(t) = limy_. f(Txt), we have

f(t) = lim f(Tht) + (f(Tot) = F(T0t) + -+ (f(Tit) — f(Ti1t))

@)+ (f(Tigat) — f(Tit))
k=1

However, by Theorem 2.3 we see that

f(Tiqat) — f(Tit) = pr(Triat) f(SkThiat) = pe(t) f (i)

Recalling that py(¢) = 1 for all ¢, we have

as was to be shown. O]

By Lemma 3.1, we may write



Figure 3: The graphs of H, and Hj respectively.

where

1

h@u»=<—§)%mfouﬂy

The graphs of H, and H3 are given in Figure 3. Observe that as £ increases,
the functions Hy(¢) increase in “frequency”. Thus we have a representa-
tion of Katsuura’s function as a sum of terms decreasing in amplitude but
increasing in frequency as k increases. In this sense, our representation
bears some resemblance to the example of Weierstrass.

4 Concerning the increments

Let m denote Lebesgue measure. Here is the main result of this section.
4.1 Theorem. If h € (0, 1) is a triadic rational number, then
m{t € [0,1—-h): f(t+h)— f(t)=0} =0.

We begin with a lemma that makes direct use of our representation
formula (7).

4.1 Lemma. Let o,t € D, N [0,1), k > 1. If pi(a) = pi(t), then f(a) # f(¢).
Proof. Since o, t € D, N [0,1) for some k > 1, we have, by Lemma 3.1,

£ = Y pil) ()

() = Yo py(@) Casen)



and therefore

T
L

f@&) = fla) =) (i) f(t41) — pi(a)f(.0ji1)).-

.
Il
o

Let v = max{i : a; # t;}. The condition px(a) = pi(t) is equivalent to
the condition that o and ¢ have the same number of 1’s in their ternary ex-
pansions. Since the ternary digits of a and ¢ agree after index v, it follows
that

pi(a) f(.ajpr) = p;(t) f(tj41) forj>v,

and we may conclude that

—

v—

f@&) = fla) =) (i) f(t41) — pi(a)f(.aji1)).-

<.
Il
o

Recalling the definition of p;, we may write
3(f(8) = fla)) = Y3772 (=277 U3 (4j01) — (=2) 7 W3f (aj.1))
=0

Observe that every term save the last in the sum on the right-hand side is
a multiple of 3; thus,

3'(f(t) = fla)) = 271 ((=2) "1 W3f(4,) = (=2)"*¥3f () (mod 3)

Since 2 = —1 (mod 3) and —2 =1 (mod 3), we may simply write

3°(f(t) = fla)) = (=1)"(3f(tv) = 3f(.w))  (mod 3)

By definition, ¢, # «,, and an elementary listing of all of the cases shows
that

3f(4,) = 3f()) 0 (mod 3)
which shows that f(t) # f(«), as was to be shown. O

We are now prepared to prove Theorem 4.1.
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Proof of Theorem 4.1. Let h € (0,1) be a triadic rational and let ¢ € [0,1 — h).
Let us assume that h = .hihy...h000... for some £ > 1 and let ¢t =
tltg . tkthrl .... Then

t+h=.0100...0xtks1--.
According to Theorem 2.3, we have
ft+h) =pelaiag...ap) f(S*) + flaras. .. ag)
f@) = pr(tite . 1) F(S*E) + ftity. . 1)

Thus
f(t+h) = f(t) = Apf(S*t) + Af,
where
Ap = pr(.ajag ... ag) — pr(tite. . . tg)
Af = f(.OélO(Q e Oék) — f(tltg . tk)

If we let E denote the set of triadic rationals .t1t5...¢; such thatt + h < 1,
then

{te0,1=n): f(t+h)—f(t) =0} = | {ue[0,1): Apf(u)+Af =0}
tito.. b ER

Since there are only finitely many elements in F, it is enough to show that
m{u € [0,1): Apf(u) + Af =0} =0
for each .t;ty ... 1, € E. There are two cases to consider.

(1) If Af # 0, then we must consider the equation
Apf(u) = —Af
If Ap = 0, then there are no solutions to this equation, and the set in

question has measure 0. If Ap # 0, then we seek the measure of the
level set

{uel0,1): flu) = —Af/Ap}

As was shown in Chuang and Lewis [2], this level set has measure 0.

(2) If Af =0, then we know from Theorem 4.1 that Ap # 0 and thus we
seek the measure of the level set

{uel0,1): f(u) =0},
which has only the trivial solution hence measure 0.

This completes our proof. O
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5 The uniform modulus of continuity

It is evident that Katsuura’s function f fluctuates throughout the interval
0, 1]. This fluctuation can be quantified: for 0 < h < 1, the function

w(h) = sup [f(t)— f(s)],
WS

called the uniform modulus of continuity of f, is a measure of the oscillation
of f throughout the interval [0, 1]. Let

 logy(3/2)
log,(3)

5.1 Theorem. If h € (0,1), then 2h" < w(h) < 2R, In particular,

=1 —logs(2) = 0.36907 ... (8)

-1
lim log, w(h)

=TI
h—ot logy(h~1)

Proof. The proof is composed of upper and lower bound arguments. The
lower bound argument is the easier of the two, and we will begin there.
Let 1/3* < h < 1/3F1, k > 1. Since h + w(h) is increasing in h,

k) 2 w(1/3) 2 |£(1/3) = ) = F(1/3) = (2/3)} > 20",
which is the lower bound.

In the argument for the upper bound we will make use of the observa-
tion that f has an odd symmetry about the point (1/2,1/2). This may be
stated as

f(l—y)+ f(y)=1, forally e [0,1]

This symmetry is exhibited on smaller scales throughout the interval [0, 1].
Thus suppose that z; and z;,; are consecutive elements of D;. Then for
y € [z, 2;11] we have

F@in =) + [y +y) = fl@gn) + flz). ©)

Let s,t € Dy N[0,1) for some k > 1 withs < tandleth =t — s = j/3".
Let us assume that 3¢ < j < 3! and therefore 3% < h < 3=, This
implies that

h=.00...0ht_shx_¢s1...hg, hr_¢#0,
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Thus
f(h) = (2/3) " f(hi—ehp—isr - . . hy)

Since f is bounded by 1, we may conclude that

Fh) < (237 = (235 = ST (10)

This is our fundamental starting point.
Let us consider various cases for the relationship between s and t.

(1) Suppose that 0 < s < 1/3and 1/3 <t < 2/3. Then

f@) = f(s) = (f(t) = F(1/3)) + (F(1/3) = f(s))
= —(f(1/3) = f(1) + (F(1/3) = f(5))-

In this case ¢ and 1/3 = .1 share the same first ternary digit; thus,
1
0 < (f(1/3) = f(t)) = =1/3(f(0) = f(5)) = 5 £(S).
But |St| = 3|t — 1/3] < 3h and therefore
0< (F(1/3) — £(1)) < 5 513h]

Since 37 = 3/2, it follows that

0= (F1/3) — f(0) < I

Likewise, by our symmetry formula (9),

ht.

DO W

0< F/3) ~ f(5) = F(/3—5) < S1/3— sl <

In summary, |f(t) — f(s)| < 2|t — s|' for s € [0,1/3) N Dy and ¢ €
1/3,2/3) N Dy.

(2) If s € [1/3,2/3)N Dy and t € [2/3,1) N Dy, then, arguing as above, we
can show that

3 r
() = f(s)] < 5t = s

in this case as well.
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(3) Suppose thats € [0,1/3) N Dyand t € [2/3,1) N Dy. Then

32 3/1\" 3
-l <1=53=3(3) <3

(4) Finally let us suppose that s and ¢ are in one of the subintervals:
0,1/3) N Dy, [1/3,2/3) N Dy, or [2/3,1) N Dy. In this case the ternary
expansions of s and ¢ share at least the first digit. Let us suppose
that s and ¢ share the same first p digits, p > 1. It follows that S”t
and SPs must conform to one of our previous cases (1)-(3). Since
|SPt — SPs| = 3P|t — s| = 3Ph,

[f(t) = f(s)| = (2/3)P[f(5"t) — f(SPs)| < g(z/g)p(gpw - ghr,

Finally given s,t € [0,1) we note that 7}t and Tjs are in D, N [0, 1);
hence,

£ = F) < 170 = FT)| + | F(Tut) — F(Tys)] + 17 (Tis) — F5)
< IF(8) ~ F(TD)] + 21Tt~ Tisl” + |F(Tis) — £(9)

By letting k increase without bound, we may conclude that

56~ Fs)l < ot —sI°

This shows that w(h) < 3h", which concludes the argument for the upper
bound. u

6 The local modulus of continuity

In the previous section we studied the uniform continuity of f on [0, 1]; in
this section we will study the continuity of f at a point. To this end, for
x €[0,1)and h € [0,1/2), let

w(x, h) = sup £ (&) = f(s)]

s,te€[z—h,z+h]N[0,1]

This is the modulus of continuity of f at . We will present three results
concerning the behavior of the local modulus of continuity as h — 07.

14



As we shall see, the typical value of w(x,h) is of smaller order than the
corresponding value of w(h). In other words, it is the contributions of
the local moduli from an exceptional set of points which influences the
uniform modulus.

Let

1 2
vy=T+ 3 logs(2) =1 — 3 log4(2) = 0.57938. .. (11)

Our results on the local modulus of continuity of f are consequences of
our next theorem.

6.1 Theorem. There exist constants C and Cy such that

<o, (L) (e ) <

forall z € [0,1), where k = k(h) is the smallest positive integer such that 2/3% <
h < 2/3F1,

This theorem demonstrates that w(z, h) is closely related to o (x); con-
sequently, results about w(z, k) can be lifted from results about oy (z). In
Theorem 2.1 it was shown that if = is chosen uniformly from [0, 1), then
or(x) has a binomial distribution with parameters £ and 1/3. The follow-
ing three results (the strong law of large numbers, the central limit theo-
rem, and the law of the iterated logarithm) come from this observation:

(1) For almostall z € [0, 1),

lim —Uk(x) = 1

(2) Forany a,b e R, a <D,

m e L, < onl®) —K/3 L[ ey,
{ €[0,1):a< ST gb} / du.

(3) For almostall z € [0,1),

o op(x) —k/3 sy or(x) —k/3 _
B k) M S S e (k)

15



The relationship between k and & stated in Theorem 6.1 implies that
Dy < k —logy(2)logy(h™1) < Ds. (12)
Thus we can restate items (1), (2), and (3) above in the following form:
(1) For almostall z € [0, 1),

logy w(z, h)™?

o log,(h—1) -7

This result should be compared with that of Theorem 5.1.

(2) Let

(1) = /2 om0 oy 2

Foranya,b € R,a <b,ash — 07,

m{az cl0,1): ﬁlogQ (ﬁ) e [a,b]} R /abe_“2/2du.

Thus, for example, as h — 0%, 68% of the points x in the interval [0, 1)
satisfy

log,(h™") = ¢(h) < logyw(w, h) ™" < logy(h™™) + (h).

(3) Let

b(h) = \/ 2 logy(2)Tog (1/h) In T logy (1/7).

Then, for almost all = in [0, 1),

logy w(x, h)™' — log, h™7

lim inf =-1
ot w(h)

and 1 h)=t —log, h™7
lim sup ogyw(z, h)~" —log, —1

h—07+ 1/}<h)

In particular, for any ¢ > 0, eventually
logy h™" — (1 + &)y (h) < logyw(w,h) ™" <logy h™ + (1 + )(h)

16



while infinitely often
logy w(w, h) ™t >logy A7 + (1 —&)ep(h)
and infinitely often
log, w(z,h)™! <logy h™" — (1 —e)tp(h)
We turn now to the proof of Theorem 6.1, and we begin with a lemma
on bounding the increments of f.

6.1 Lemma. Let a, b € Dy N[0, 1) with a < b and suppose that b — a = (/3%; let
x € [a,b]. If s,t € [a,b], then

(1) = f(s)] < €2°[pu(2)].

Proof. We will assume that s <t. Leta =ap <oy <--- < ay_y1 < oy = bbe
the consecutive elements of D), between a and b. First we will show that

~

-1

1f@) = f(s)l < D lpr(ai)l. (13)

i

Il
=)

Let us suppose that s,¢ € [a;, aj;1] for some j € {0,1,...,¢ — 1}. Then, by
Corollary 2.2,

() = F$) = [fagn) = flag)l = Ipeleg)l < D [pe(os)l,

which verifies (13) in this case. Otherwise it must be that s € [a;, o;41) and
t € (aym, 1] for some indices j and m € {0,1,...,¢ — 1}, with j < m. By
telescoping and Corollary 2.2, we may write

|£(£) = f(s)]
< () = flom) |+ [f(om) = flam-a)[ + - + | flajp) = f(s)]

<D (i) = Sl = 3 lpe(oq)]
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which, once again, verifies (13).
To finish the proof, observe that = € [a, b] implies that py(x) = pi(«;)
for some j € {0,1,...,¢}, and, by Lemma 2.1,
k()| < 2°[pi()|
foreachi € {0,1,...,¢ — 1}; thus,

-1
£ = F) <D Ipr(en)] < 2'pi(a)],
i=0
as was to be shown. O]

Proof of Theorem 6.1. Fix x € [0, 1]. Let aw and (3 be elements of D;, N [0, 1] be
chosen so that
[, 8] O [ = h,z+ h] N[0, 1)
with § — o minimized. Then
1 1
oz>a:—h—3—k and 6<x+h+§
and 8 — a < 2h + 2/3% < 14/3%, where we have the assumption that h <

2/3"1 to obtain the last inequality. It follows that 3—a = ¢/3%, with ¢ < 13.
By Lemma 6.1,

w(z,h) < sup [f(t) = f(s)] < 13- 27p(2)],

s,t€la, 0]
which gives us an upper bound on the modulus at z.

To produce a corresponding lower bound, let & = .x;25 ... 24 and let
B=a+1/3* Thena,B € D,N[0,1]and o, 8 € [x — h,x + k] N[0, 1]. Thus,
by Corollary 2.1,

w(z,h) = [f(8) = f(a)] = |pr(a)| = |pr(2)].

In summary
[pe()] < wlw, h) < 13- 27|py(2)]. (14)

for each z.
By combining (1) and (12), we may assert that there exist constants £
and Fs such that

k
By < logs ()] + {ou(e) ~ £} + om0 < B

This chain of inequalities in conjunction with (14) completes our proof. [

18



References

[1] Patrick Billingsley. Probability and measure. Wiley Series in Probability
and Mathematical Statistics: Probability and Mathematical Statistics.
John Wiley & Sons Inc., New York, second edition, 1986.

[2] Luke Chuang and Thomas M. Lewis. On the increments of kat-
suura’s continuous nowhere differentiable function. Available at
http://math.furman.edu/ ~tlewis/selfpub/ , 2005.

[3] Gerald A. Edgar. Measure Topology and Fractal Geometry. Springer, New
York Berlin Heidelberg, 1990.

[4] N.G. Gamkrelidze. The modulus of continuity of the Weierstrass func-
tion. Mat. Zametki, 36(1):35-38, 1984.

[5] N. G. Gamkrelidze. On a probabilistic properties of Takagi’s function.
J. Math. Kyoto Univ., 30(2):227-229, 1990.

[6] Ioannis Karatzas and Steven E. Shreve. Brownian motion and stochastic
calculus, volume 113 of Graduate Texts in Mathematics. Springer-Verlag,
New York, second edition, 1991.

[7] Hidefumi Katsuura. Continuous nowhere-differentiable functions—
an application of contraction mappings.  Amer. Math. Monthly,
98(5):411-416, 1991.

[8] N. Koéno. On generalized Takagi functions. Acta Math. Hungar., 49(3-
4):315-324, 1987.

[9] Johan Thim. Continuous nowhere differentiable functions. Mas-
ter’s thesis, Lulea University of Technology, December 2003. Avail-
able at http://epubl.ltu.se/1402-1617/2003/320/index-
en.htmi

19



