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Example
> Let X1, Xo,

with probability of success p.

., Xp be a random sample from a Bernoulli distribution
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Example
> Let X1, X,
with probability of success p.

., Xp be a random sample from a Bernoulli distribution
o X

> Let T = X1+ Xo+ -+ X, and let f be the joint density of Xj, Xo,
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Example (cont'd)
» Then

f(x1, X2, Xn | P)
_ {H7:1 pi(l—p)t6, ifx;=0,1,i=1,2...,n,
0, otherwise,
priaNi(l — p)T o N, if x; =0,1,i =1,2,...,n,
- {0, otherwise,
=p'(1—p)" th(x1, x2, ..., Xn)
= g(t,p)h(x1,x2, ..., Xn),

where g(t,p) = pt(1 — p)"* and

h(xa, x2, -

1a iinZO,l,i:,Z,...,n,
7Xn) — .
0, otherwise.
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Example (cont'd)
> Then

f(X17X27 -+ Xn | p)

f.T_ Xi(1 — 1—x; |fXI:0]‘I:12 n
_ i=1P P ’ » T B
B 0, otherwise,

__{piﬂwa_pyZng ifx;=0,1,i=1,2,...

0, otherwise,
= pt(l - p)n_th(xlaXZ’ °00 7Xn)
= g(tv p)h(X17X2a 00c aXn)v
where g(t,p) = pt(1 — p)"* and

1, ifx=0,1,i=2,...,n,

0, otherwise.

h(xl,x2,...,xn):{

» Hence T is a sufficient statistic for p.
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Example
> Let X1, Xo,

distribution with rate \.

., Xp be a random sample from an exponential
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Example
> Let X1, X,
distribution with rate \.

., X, be a random sample from an exponential
. X

> Let T = X1+ Xo+ .-+ X, and let f be the joint density of Xj, Xo,
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Example (cont'd)
» Then

Tode ™ ifx >0,i=1,2,...
f(x1,%2,..., % | A) = [T Ae X '7’ 7Ly I
0, otherwise,
ANe AXi% ifx>0,i=1,2,...,n,
0, otherwise,
= )\ne_)‘th(X].)XQa .. 7Xn)
= g(t,\)h(x1,x2,...,Xn),
where
g(t, )\) _ )\ne—)\t

15 ifxi>0,i:0,1,...,n,

Al 32, - Xn) = 0, otherwise
) .

—————————————————————————————————————————
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Example (cont'd)
> Then

node M ifx;>0,i=1,2,...
f(x1,x2,..., % | A) = [T Ae X U 74y I

0, otherwise,

[ AmerA XN if x> 0,i=1,2,...,n,
0, otherwise,

= )\ne_Ath(Xl,Xg, 000 ,Xn)

= g(t,\)h(x1,x2,...,Xn),
where
g(t,\) = A"et
and
1, ifx;>0,i=0,1,...,n,

hixa, 2, xn) = 0, otherwise
, .

» Hence T is a sufficient statistic for .
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Example

> Let X1, Xo,
on (0,6).

., Xp be a random sample from an uniform distribution
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Example

> Let X1, X,
on (0,6).

., Xp be a random sample from an uniform distribution
> Let T = X, and let f be the joint density of X, X3,

o Xn.
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Example (cont'd)
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Example (cont'd)
» Then

1
i=1gs if < 0,i=1,2,...
f(x1,x2,...,xn | 0) = H::lg, if0<x <0,i 2,....n,
0

) otherwise,

1 . _

— ) pn’ if0<x<0,i=1,2,...,n,
0, otherwise,

= g(t, 9)h(X1,X2, .. aXn),

where :
—, ife>t
g(tv 9) = on’ ! -5

0, otherwise,

and
].7 ifX,'>O,I.:0’17.“’n’

0, otherwise.

h(X17X27"-,Xn) g {
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Example (con'td)
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Example (con'td)

» Hence T is a sufficient statistic for 6.
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Example

> Let Xy, X5, ..., X, be a random sample from a normal distribution
N(p, 02).
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Example

> Let X1, X5, ..., X, be a random sample from a normal distribution
N(p, 02).
> Let
_ 1
X == Xla
n
i=1
1 n
S? = Xi — X)?
n— 1 71( ! ) 9

and let f be the joint density of X1, X5, ..., X,.
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Example

> Let X1, X5, ..., X, be a random sample from a normal distribution
N(p, 02).
> Let
_ 1
= Xla
n i=1
1 < -
2:n—l (X = X)%,
i=1

and let f be the joint density of X1, X5, ..., X,.
» Then

n

1 12

f(x1, %05 .-y X | py02) = Hie—zaQ(x,_u)
i1 2o

_< ! >2e—201227_1(></—u)2.

2102

4
Sufficient Statistics: Examples March 16, 2006 9 /12

Dan Sloughter (Furman University)



Example (cont'd)
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Example (cont'd)

» Now
n n
S xi—pP =D (x—x+x—p)
i=1 i=1
= (i —xy+2
i=1

Z(Xi —X)(x —p) + Z(x
=1 IS
=(n—1)+2(x — ) > (xi — %) + n(x — p)°

i=1
=(n— 1)52 + n(x — ,u)z.

— p)?
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Example (cont'd)
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Example (cont'd)

)h(X17X27

» Thus

oo | 1:09) = (52 Uz) exp(— o ((n— )52+ (% — )?)
= g(x, s? O

where

;Xn)v

_ 1 \:?
g(x752a/’L702) - (271.0.2) eXp(
and

h(x1, x2,

oz ((n = )52 + (% — )
el =k
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Example (cont'd)

» Thus
Ganeoxn | 100 = (32 02) exp(— o ((n— 1)52 + (% — )?)
= g(x, s? NN )h(xl,xz, .
where

5.0 = (57 ) o0 pag(n = 1"+ n(x = )

and
h(x1,x2,...,xn) = 1.

> In this case we say (X, S?) is sufficient for (u, o2).
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Functions of sufficient statistics

» Note: if T is sufficient for 8 and r is a one-to-one function, then
g we have

U = r(T) is also sufficient for 6 since, in that case, for some function

L(0) = g(t.0) = g(r~}(u),0).
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Functions of sufficient statistics

» Note: if T is sufficient for 8 and r is a one-to-one function, then
U = r(T) is also sufficient for 6 since, in that case, for some function
g we have

L(0) = g(t,0) = g(r~}(u), 0).

Example
If T=X;+ Xo+---4+ X, is sufficient for 6, then so is

- T
X =—.
n
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