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Example

I Let X1, X2, . . . , Xn be a random sample from a Bernoulli distribution
with probability of success p.

I Let T = X1 + X2 + · · · + Xn and let f be the joint density of X1, X2,
. . . , Xn.
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Example (cont’d)

I Then

f (x1, x2, . . . ,xn | p)

=

{∏n
i=1 pxi (1 − p)1−xi , if xi = 0, 1, i = 1, 2, . . . , n,

0, otherwise,

=

{
p

Pn
i=1 xi (1 − p)n−

Pn
i=1 xi , if xi = 0, 1, i = 1, 2, . . . , n,

0, otherwise,

= pt(1 − p)n−th(x1, x2, . . . , xn)

= g(t, p)h(x1, x2, . . . , xn),

where g(t, p) = pt(1 − p)n−t and

h(x1, x2, . . . , xn) =

{
1, if xi = 0, 1, i =, 2, . . . , n,

0, otherwise.

I Hence T is a sufficient statistic for p.
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Example

I Let X1, X2, . . . , Xn be a random sample from an exponential
distribution with rate λ.

I Let T = X1 + X2 + · · · + Xn and let f be the joint density of X1, X2,
. . . , Xn.
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Example (cont’d)

I Then

f (x1, x2, . . . , xn | λ) =

{∏n
i=1 λe−λxi , if xi > 0, i = 1, 2, . . . , n,

0, otherwise,

=

{
λne−λ

Pn
i=1 xi , if xi > 0, i = 1, 2, . . . , n,

0, otherwise,

= λne−λth(x1, x2, . . . , xn)

= g(t, λ)h(x1, x2, . . . , xn),
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and

h(x1, x2, . . . , xn) =

{
1, if xi > 0, i = 0, 1, . . . , n,

0, otherwise.

I Hence T is a sufficient statistic for λ.
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Example

I Let X1, X2, . . . , Xn be a random sample from an uniform distribution
on (0, θ).

I Let T = X(n) and let f be the joint density of X1, X2, . . . , Xn.
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Example (cont’d)

I Then

f (x1, x2, . . . , xn | θ) =


∏n

i=1

1

θ
, if 0 < xi < θ, i = 1, 2, . . . , n,

0, otherwise,

=


1

θn
, if 0 < xi < θ, i = 1, 2, . . . , n,

0, otherwise,

= g(t, θ)h(x1, x2, . . . , xn),

where

g(t, θ) =


1

θn
, if θ > t,

0, otherwise,

and

h(x1, x2, . . . , xn) =

{
1, if xi > 0, i = 0, 1, . . . , n,

0, otherwise.
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Example (con’td)

I Hence T is a sufficient statistic for θ.
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Example

I Let X1, X2, . . . , Xn be a random sample from a normal distribution
N(µ, σ2).

I Let

X̄ =
1

n

n∑
i=1

Xi ,

S2 =
1

n − 1

n∑
i=1

(Xi − X̄ )2,

and let f be the joint density of X1, X2, . . . , Xn.

I Then

f (x1, x2, . . . , xn | µ, σ2) =
n∏

i=1

1√
2πσ

e−
1

2σ2 (xi−µ)2

=

(
1

2πσ2

) n
2

e−
1

2σ2

Pn
i=1(xi−µ)2 .
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Example (cont’d)

I Now

n∑
i=1

(xi − µ)2 =
n∑

i=1

(xi − x̄ + x̄ − µ)2

=
n∑

i=1

(xi − x̄)2 + 2
n∑

i=1

(xi − x̄)(x̄ − µ) +
n∑

i=1

(x̄ − µ)2

= (n − 1)s2 + 2(x̄ − µ)
n∑

i=1

(xi − x̄) + n(x̄ − µ)2

= (n − 1)s2 + n(x̄ − µ)2.
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Example (cont’d)

I Thus

f (x1, x2, . . . , xn | µ, σ2) =

(
1

2πσ2

) n
2

exp(− 1

2σ2
((n − 1)s2 + n(x̄ − µ)2))

= g(x̄ , s2, µ, σ2)h(x1, x2, . . . , xn),

where

g(x̄ , s2, µ, σ2) =

(
1

2πσ2

) n
2

exp(− 1

2σ2
((n − 1)s2 + n(x̄ − µ)2))

and
h(x1, x2, . . . , xn) = 1.

I In this case we say (X̄ ,S2) is sufficient for (µ, σ2).
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Functions of sufficient statistics

I Note: if T is sufficient for θ and r is a one-to-one function, then
U = r(T ) is also sufficient for θ since, in that case, for some function
g we have

L(θ) = g(t, θ) = g(r−1(u), θ).

Example

If T = X1 + X2 + · · · + Xn is sufficient for θ, then so is

X̄ =
T

n
.
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