Lecture 8: Infinite Series

8.1 Infinite series

Definition Given a sequence {a;}32, ., let {s,}22 = be the sequence defined by

n
Sp = E a;.
it=m

We call the sequence {s, }72,, an infinite series. If {s,}02,, converges, we call

s= lim s,
n—>00

the sum of the series. For any integer n, s, is called a partial sum of the series.
We will use the notation

oo
a;
t=m
to denote either {s,}52 ., the infinite series, or s, the sum of the infinite series. Of course,
if {s,}52,, diverges, then we say > . a; diverges.

Exercise 8.1.1

Suppose Y.~ a; converges and 3 € R. Show that Y.~ 3a; also converges and

Zﬁai:ﬁzai-

Exercise 8.1.2
Suppose both >°° a; and Y .- b; converge. Show that > 2 (a; + b;) converges and

Z(ai+bi) = Zai—l- Zbi-

Exercise 8.1.3
Given an infinite series Eloim a; and an integer k > m, show that Eloim a; converges if
and only if Y °°, a; converges.

Proposition Suppose Zloim a; converges. Then lim, ., a, = 0.

Proof Let s, =) &

i—m @i and s = lim, o 5,. Since a, = s, — 5,1, we have

lim a, = lim (s, — $p—1) = lim s, — lim s,_1 =s—s5=0.
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Exercise 8.1.4
Let s = > .2 (—1)". Note that

=0

s=Y (-)"=1-) (-)"=1-5,

from which it follows that s = % Is this correct?

Exercise 8.1.5

Show that for any real number x # 1,

3

1 — xn—l—l

Sy = T =
1—2a
i=0

(Hint: Note that 2"t = 5,41 — s, = 1 + 28, — 85.)

Proposition For any real number z with |z| < 1,

>0 N 1
nz:%x - 1—a

Proof Ifs,=>" z', then, by the previous exercise,

1 _ xn—l—l
Sy = ————
" 1—2a
Hence
00 1
. . . 1—gnt 1
E:Jc:hmsn:hm = )
. n—00 n—ooo 1 —x 1—=x
n—=

8.2 Comparison tests

The following two propositions are together referred to as the comparison test.

Proposition Suppose > .2 a; and Y .-, b; are infinite series for which there exists an
integer N such that 0 < a; < b; whenever ¢« > N. If Eloik b; converges, then Eloim a;
converges.

Proof We need only show that )~ \ a; converges. Let s, be the nth partial sum of
ZEZN a; and let t,, be the nth partial sum of EloiN b;. Now

Spt1 — Sp = apy1 = 0

for every n > N, so {s,}22 y is a nondecreasing sequence. Moreover,

oo
=N



Lecture 8: Infinite Series 8-3
for every n > N. Thus {s,}5°  is a nondecreasing, bounded sequence, and so converges.
Proposition Suppose > .2 a; and Y .-, b; are infinite series for which there exists an
integer N such that 0 < a; < b; whenever ¢+ > N. If Eloik a; diverges, then Eloim b;
diverges.

Proof Again, we need only show that Y .- \ b; diverges. Let s,, be the nth partial sum
of >>°° v a; and let ¢, be the nth partial sum of Y .-\ b;. Now {s,}52  is a nondecreasing

sequence which diverges, and so we must have lim,, ., s, = +o00. Thus given any real
number M there exists an integer L such that

M <s, <t,

whenever n > L. Hence lim,, o t, = +oc and Eloim b; diverges.

Example Consider the infinite series

=~ 1 1 1 1

§ S =1l+l4+s+5+5+
1.

n=0

2 3 4
Now for n = 1,2,3,..., we have
0 1< 1
< ﬁ S 5ot

. fo'e) 1 . fo'e) 1
Since )~ | sw=r converges, it follows that )~ = converges. Moreover,

=1 =1 1
n=0 n=1

Weletezzoo L

n=0 n!"
Proposition ¢ ¢ Q.

Proof Suppose e = % where p,q € ZT. Let
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Then «a is an integer since gle = (¢ — 1)!p and n! divides ¢! when n < ¢. At the same time

(e 1 )
C\g+1l (¢+1)(g+2)  (¢+D)(g+2)(q+3)

:qi—1<l+qi2+<q+2>1<q+3>+'”>
(

1 1
<« — {1+ + + .-
g+1 q+1  (qg+1)? )
- 1
_q+1,;)(q+1)"

1 ( 1 )_1
— ==
q+1 1—q_|_—1 q

Since this is impossible, we conclude that no such integers p and ¢ exist.

Definition We call a real number which is not a rational number an #rrational number.

Proposition Suppose > .2 a; and Y .-, b; are infinite series for which there exists an
integer N and a real number M > 0 such that 0 < a; < Mb; whenever 1 > N. If Eloik b;
converges, then Y .° a; converges.

Proof Since > .-, Mb; converges whenever Y .~ b; does, the result follows from the
comparison test.

Exercise 8.2.1
Suppose Y .- a; diverges. Show that > .~ ~ 3a; diverges for any real number 3 # 0.

Proposition Suppose > .2 a; and Y .-, b; are infinite series for which there exists an
integer N and a real number M > 0 such that 0 < a; < Mb; whenever 1 > N. If Eloim a;
diverges, then Y .2, b; diverges.

Proof By the comparison test, > .o ~Mb; diverges. Hence, by the previous exercise,
T2 by also diverges.

t=m
The results of the next two exercises, which are direct consequences of the last two
propositions, are together known as the limit comparison test.

Exercise 8.2.2
Suppose Eloim a; and Eloim b; are infinite series for which a; > 0 and b; > 0 for all > m.
Show that if Y :~  b; converges and

. a;
lim — < 400,
=00 05
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then ) > a; converges.

Exercise 8.2.3
Suppose Eloim a; and Eloim b; are infinite series for which a; > 0 and b; > 0 for all > m.
Show that if > 5~ a; diverges and

. a;
lim — < 400,
then Y °° b; diverges.
Exercise 8.2.4
Show that
>
n2n
n=0
converges.
Exercise 8.2.5
Show that
o) :En
>
n=0

converges for any real number x > 0.



