
Lecture 7: More on Sequences

7.1 Basic theorems about sequences

Proposition Suppose fxigi2I is a convergent sequence in R and L = limi!1 xi. Then
for any real number �, the sequence f�xigi2I converges and

lim
i!1

�xi = �L:

Proof If � = 0, then f�xigi2I clearly converges to 0. So assume � 6= 0. Given � > 0,
choose an integer N such that

jai � Lj < �

j�j
whenever i > N . Then for any i > N we have

j�xi � �Lj = j�jjxi � Lj < j�j �j�j = �:

Thus limi!1 �xi = �L.

Proposition Suppose fxigi2I and fyigi2I are convergent sequences in R with L =
limi!1 xi and M = limi!1 yi. Then the sequence fxi + yigi2I converges and

lim
i!1

(xi + yi) = L+M:

Exercise 7.1.1

Prove the previous proposition.

Proposition Suppose fxigi2I and fyigi2I are convergent sequences in R with L =
limi!1 xi and M = limi!1 yi. Then the sequence fxiyigi2I converges and

lim
i!1

xiyi = LM:

Exercise 7.1.2

Prove the previous proposition

Proposition Suppose fxigi2I and fyigi2I are convergent sequences in R with L =
limi!1 xi and M = limi!1 yi. If M 6= 0, then the sequence fxi

yi
gi2I converges and

lim
i!1

xi

yi
=

L

M
:

Proof Since M 6= 0 and M = limi!1 yi, we may choose an integer N such that

jyij > jM j
2
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whenever i > N . Let B be an upper bound for fjxij : i 2 Ig [ fjyij : i 2 Ig. Moreover,
given any � > 0, we may choose an integer P such that

jxi � Lj < M2�

4B

and

jyi �M j < M2�

4B

whenever i > P . Let K be the larger of N and P . Then, for any i > K, we have
�
�
�
�

xi

yi
� L

M

�
�
�
�
=
jxiM � yiLj

jyiM j
=
jxiM � xiyi + xiyi � yiLj

jyiM j
� jxijjM � yij+ jyijjxi � Lj

jyiM j

<
BM2�

4B
+BM2�

4B

M2

2

= �:

Thus

lim
i!1

xi

yi
=

L

M
:

Exercise 7.1.3

(a) Show that lim
n!1

1

n
= 0.

(b) Show that

lim
n!1

1

n2
= 0

by (1) using the de�nition of limit directly and then (2) using previous results.

Exercise 7.1.4

Show that for any positive integer k,

lim
n!1

1

nk
= 0:

Example We may combine the properties of this section to compute

lim
n!1

5n3 + 3n� 6

2n3 + 2n2 � 7
= lim

n!1

5 + 3

n2
� 6

n3

2 + 2

n
� 7

n3

=
lim
n!1

5 + 3 lim
n!1

1

n2
� 6 lim

n!1

1

n3

lim
n!1

2 + 2 lim
n!1

1

n
� 7 lim

n!1

1

n3

=
5 + 0 + 0

2 + 0 + 0
=

5

2
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Exercise 7.1.5

Evaluate

lim
n!1

3n5 + 8n3 � 6n

8n5 + 2n4 � 31
;

carefully showing each step.

Proposition Suppose fxigi2I is a convergent sequence of nonegative real numbers with
L = limi!1 xi. Then the sequence fpxigi2I converges and

lim
i!1

p
xi =

p
L:

Proof Let � > 0 be given. Suppose L > 0 and note that

jxi � Lj = jpxi �
p
Ljjpxi +

p
Lj

implies that

jpxi �
p
Lj = jxi �Lj

jpxi +
p
Lj

for any i 2 I. Choose an integer N such that

jxi � Lj <
p
L�

whenever i > N . Then, for any i > N ,

jpxi �
p
Lj = jxi � Lj

jpxi +
p
Lj <

p
L�p
L

= �:

Hence limi!1

p
xi =

p
L.

If L = 0, limi!1 xi = 0, so we may choose an integer N such that jxij < �2 for all
i > N . Then

jpxij < �

whenever i > N , so limi!1

p
xi = 0.

Exercise 7.1.6

Evaluate

lim
n!1

p
3n2 + 1

5n+ 6
;

carefully showing each step.

Exercise 7.1.7

Given real numbers r > 0 and �, show that (a) �r < r if 0 < � < 1 and (b) r < �r if
� > 1.

Proposition If x 2 R and jxj � 1, then

lim
n!1

xn = 0:
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Proof We will �rst assume x � 0. Then the sequence fxng1n=1 is nonincreasing and
bounded below by 0. Hence the sequence converges. Let L = limn!1 xn. Then

L = lim
n!1

xn = x lim
n!1

xn�1 = xL;

from which it follows that L(1� x) = 0. Since 1� x > 0, we must have L = 0. The result
for x < 0 follows from the next exercise.

Exercise 7.1.8

Show that limn!1 janj = 0 if and only if limn!1 an = 0.

7.2 Subsequences

De�nition Given a sequence fxig1i=m, suppose fnkg1k=1 is an increasing sequence of
integers with

m � n1 < n2 < n3 < � � � :
Then the sequence fxnkg1k=1 is called a subsequence of fxig1i=m.
Example The sequence fx2kg1k=1 is a subsequence of the sequence fxig1i=1. For example,
f 1

2i
g1i=1 is a subsequence of f1

i
g1i=1.

Exercise 7.2.1

Suppose fxig1i=m converges with limi!1 xi = L. Show that every subsequence fxnkg1k=1
of fxig1i=m also converges and limk!1 xnk = L:

Exercise 7.2.2

Suppose fxig1i=m diverges to +1. Show that every subsequence fxnkg1k=1 of fxig1i=m also
diverges to +1.

Exercise 7.2.3

Suppose fxig1i=m diverges to �1. Show that every subsequence fxnkg1k=1 of fxig1i=m also
diverges to �1.

De�nition Given a sequence fxig1i=m, any extended real number � which is the limit of
a subsequence of fxig1i=m is called a subsequential limit of fxig1i=m.
Example �1 and 1 are both subsequential limits of f(�1)ig1i=0.
Exercise 7.2.4

Suppose the sequence fxig1i=m is not bounded. Show that either �1 or +1 is a subse-
quential limit of fxig1i=m.
Proposition Suppose � is the set of all subsequential limits of the sequence fxig1i=m.
Then � 6= ;.
Proof By the previous exercise, the proposition is true if fxig1i=m is not bounded. So
suppose fxig1i=m is bounded and choose real numbers a and b such that a � xi and b � xi
for all i � m. Construct sequences faig1i=1 and fbig1i=1 as follows: Let a1 = a and b1 = b.
For i � 1, let

c =
ai�1 + bi�1

2
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If there exists an integer N such that ai�1 � xj � c for all j > N , let ai = ai�1 and
bi = c; otherwise, let ai = c and bi = bi�1. Let n1 = m and, for k = 2; 3; 4; : : :, let nk be
the smallest integer for which nk > nk�1 and ak � xnk � bk. Then fxnkg1k=1 is a Cauchy
sequence which is a subsequence of fxig1i=m. Thus fxnkg1k=1 converges and � 6= ;.
Exercise 7.2.5

SupposeA � R andB � Rwith a � b for every a 2 A and b 2 B. Show that supA � inf B.

Proposition Let � be the set of subsequential limits of a sequence fxig1i=m. Then

lim sup
i!1

xi = sup�:

Proof Let s = sup� and, for i � m, ui = supfxj : j � ig. Now since xj � ui for all
j � i, it follows that � � ui for every � 2 � and i �m. Hence, from the previous exercise,
s � inffui : i �mg = lim supi!1 xi.

Now suppose s < lim supi!1 xi. Then there exists a real number t such that s <

t < lim supi!1 xi: In particular, t < ui for every i � m. Let n1 be the smallest integer
for which nk � m and xnk > t. For k = 2; 3; 4; : : :, let nk be the smallest integer for
which nk > nk�1 and xnk > t. Then fxnkg1k=1 is a subsequence of fxig1i=m which has a
subsequential limit � � t. Since � is also then a subsequential limit of fxig1i=m, we have
� 2 � and � � t > s, contradicting s = sup�. Hence we must have lim supi!1 xi = sup�.

Exercise 7.2.6

Let � be the set of subsequential limits of a sequence fxig1i=m. Show that

lim inf
i!1

xi = inf �:


