
Lecture 4: Real Numbers

4.1 Real numbers: de�nition

Let C be the set of all Cauchy sequences of rational numbers. We de�ne a relation on C as
follows: if faigi2I and fbjgj2J are Cauchy sequences in Q, then faigi2I � fbjgj2J , which
we will write more simply as ai � bi, if for every rational number � > 0, there exists an
integer N such that

jai � bij < �

whenever i > N . This relation is clearly reexive and symmetric. To show that it is also
transitive, and hence an equivalence relation, suppose ai � bi and bi � ci. Given � > 0,
choose N so that

jai � bij <
�

2

for all i > N and M so that
jbi � cij <

�

2

for all i > M . Let L be the larger of N and M . Then, for all i > L,

jai � cij � jai � bij+ jbi � cij <
�

2
+

�

2
= �:

Hence ai � ci. We call the set of equivalence classes of C the real numbers, denoted R.
Note that if a 2 Q, we may identify a with the equivalence class of the sequence fbig1i=1
where bi = a, i = 1; 2; 3; : : :, and thus consider Q to be a subset of R.

Exercise 4.1.1

Suppose
lim
i!1

ai = lim
i!1

bi:

Show that ai � bi.

4.2 Real numbers: �eld properties

Suppose faigi2I and fbjgj2J are both Cauchy sequences of rational numbers. Let
K = I \J and de�ne a new sequence fsigk2K by setting sk = ak + bk. Given any rational
� > 0, choose integers N and M such that

jai � aj j <
�

2

for all i; j > N and

jbi � bj j <
�

2

for all i; j > M . If L is the larger of N and M , then, for all i; j > L,

jsi � sj j = j(ai � aj ) + (bi � bj)j � jai � aj j+ jbi � bj j <
�

2
+

�

2
= �;
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showing that fsigk2K is also a Cauchy sequence. Moreover, suppose ai � ci and bi � di.
Given � > 0, choose N so that

jai � cij <
�

2

for all i > N and choose M so that

jbi � dij <
�

2

for all i > M . If L is the larger of N and M , then, for all i > L,

j(ai + bi)� (ci + di)j � jai � cij+ jbi � dij <
�

2
+

�

2
= �:

Hence ai+ bi � ci+ di. Thus if u; v 2 R, with u being the equivalence class of faigi2I and
v being the equivalence class of fbjgj2J , then we may unambiguously de�ne u + v to be
the equivalence class of fai + bigi2K , where K = I \ J .

Suppose faigi2I and fbjgj2J are both Cauchy sequences of rational numbers. Let
K = I \ J and de�ne a new sequence fpkgk2K by setting pk = akbk. Let B > 0 be an
upper bound for the set fjaij : i 2 Ig [ fjbj j : j 2 Jg. Given � > 0, choose integers N and
M such that

jai � aj j <
�

2B

for all i; j > N and

jbi � bj j <
�

2B

for all i; j > M . If L is the larger of N and M , then

jpi � pj j = jaibi � ajbj j

= jaibi � ajbi + ajbi � ajbj j

= jbi(ai � aj ) + aj(bi � bj j

� jbi(ai � aj j+ jaj (bi � bj)j

= jbijjai � aj j+ jaj jjbi � bj j

< B
�

2B
+B

�

2B
= �:

Hence fpkgk2K is a Cauchy sequence. Now suppose ai � ci and bi � di. Let B > 0 be an
upper bound for the set fjbj j : j 2 Jg [ fjcij : i 2 Hg, where H is the appropriate index
set. Given � > 0, choose integers N and M such that

jai � cij <
�

2B

for all i > N and

jbi � dij <
�

2B
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for all i > M . If L is the larger of N and M , then

jaibi � cidij = jaibi � bici + bici � cidij

= jbi(ai � ci) + ci(bi � dij

� jbi(ai � cij+ jci(bi � di)j

= jbijjai � cij+ jcijjbi � dij

< B
�

2B
+B

�

2B
= �:

Hence aibi � cidi. Thus if u; v 2 R, with u being the equivalence class of faigi2I and v

being the equivalence class of fbjgj2J , then we may unambiguously de�ne uv to be the
equivalence class of faibigi2K , where K = I \ J .

If u 2 R, we de�ne �u = (�1)u. Note that if faigi2I is a Cauchy sequence of ra-
tional numbers in the equivalence class of u, then f�aigi2I is a Cauchy sequence in the
equivalence class of �u.

We will say that a sequence faigi2I is bounded away from 0 if there exists a rational
number � > 0 and an integer N such that jaij > � for all i > N . It should be clear that any
sequence which converges to 0 is not bounded away from 0. Moreover, as a consequence
of the next exercise, any Cauchy sequence which does not converge to 0 must be bounded
away from 0.

Exercise 4.2.1

Suppose faigi2I is a Cauchy sequence which is not bounded away from 0. Show that the
sequence converges and limi!1 ai = 0.

Exercise 4.2.2

Suppose faigi2I is a Cauchy sequence which is bounded away from 0 and ai � bi. Show
that fbjgj2J is also bounded away from 0.

Now suppose faigi2I is a Cauchy sequence which is bounded away from 0 and choose
� > 0 and N so that jaij > � for all i > N . De�ne a new sequence fcig1i=N+1 by setting

ci =
1

ai
; i = N + 1;N + 2; : : : :

Given � > 0, choose M so that
jai � aj j < ��2

for all i; j > M . Let L be the larger of N and M . Then, for all i; j > L, we have

jci � cjj =

���� 1ai �
1

aj

����
=

����aj � ai

aiaj

����
=
jaj � aij

jaiaj j

<
��2

�2
= �:
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Hence fcig1i=N+1 is a Cauchy sequence. Now suppose ai � bi. By Exercise 4.2.2 we know
that fbjgj2J is also bounded away from 0, so choose  > 0 and K such that jbj j >  for
all j > K. Given � > 0, choose P so that

jai � bij < ��:

Let S be the larger of N , K, and P . Then, for all i; j > S, we have

���� 1ai �
1

bi

���� =
����bi � ai

aibi

����
=
jbi � aij

jaibij

<
��

�
= �:

Hence 1

ai
� 1

bi
. Thus if u 6= 0 is a real number which is the equivalence class of faigi2I

(necesssarily bounded away from 0), then we may de�ne

a�1 =
1

a

to be the equivalence class of �
1

ai

�1
i=N+1

;

where N has been chosen so that jaij > � for all i > N and some � > 0.
It follows immediately from these de�nitions that R is a �eld. That is:

(1) a+ b = b+ a for all a; b 2 R;
(2) (a+ b) + c = a+ (b + c) for all a; b; c 2 R;
(3) ab = ba for all a; b 2 R;
(4) (ab)c = a(bc) for all a; b; c 2 R;
(5) a(b + c) = ab + ac for all a; b; c 2 R;
(6) a+ 0 = a for all a 2 R;
(7) a+ (�a) = 0 for all a 2 R;
(8) 1a = a for all a 2 R;
(9) if a 2 R, a 6= R, then aa�1 = 1.


