Lecture 4: Real Numbers

4.1 Real numbers: definition

Let C' be the set of all Cauchy sequences of rational numbers. We define a relation on C' as
follows: if {a; }ier and {b;};cs are Cauchy sequences in Q, then {a;};cr ~ {b;},es, which
we will write more simply as a; ~ b;, if for every rational number € > 0, there exists an
integer N such that

la; —b;| <€

whenever ¢ > N. This relation is clearly reflexive and symmetric. To show that it is also
transitive, and hence an equivalence relation, suppose a; ~ b; and b; ~ ¢;. Given € > 0,
choose N so that

|ai —bi| <

for all ¢ > N and M so that .

for all 2+ > M. Let L be the larger of N and M. Then, for all « > L,

€ €
ai —ci| < la; —bi| + |b; — cif < 5Ty =e€
Hence a; ~ ¢;. We call the set of equivalence classes of C' the real numbers, denoted R.

Note that if « € Q, we may identify a with the equivalence class of the sequence {b;}22,
where b; = a, 1 = 1,2,3, ..., and thus consider Q to be a subset of R.

Exercise 4.1.1
Suppose
lim a; = lim b;.

1— 00 1— 00

Show that a; ~ b;.

4.2 Real numbers: field properties

Suppose {a;}ier and {b;};cs are both Cauchy sequences of rational numbers. Let
K =1INJ and define a new sequence {s;}rex by setting sy = aj 4+ bg. Given any rational
€ > 0, choose integers N and M such that

|ai — aj| <

for all 7,5 > N and
€

bi— b < <
| ]|<2

for all 2,5 > M. If L is the larger of N and M, then, for all 7,7 > L,
€

2

:67

€
|s;i = s = |(a; — a;) + (bi = bj)| < |ai —aj| + |b; = b;| < 5T
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showing that {s;}rex is also a Cauchy sequence. Moreover, suppose a; ~ ¢; and b; ~ d;.
Given € > 0, choose N so that

|ai — Ci| <
for all ¢ > N and choose M so that
€
b; — d; -
b dif < &

for all 2 > M. If L is the larger of N and M, then, for all ¢ > L,

€

2

= €.

(i 4 bi) = (¢i + di)| < |as — ei] + |bi — di| < 5 +

Hence a; +b; ~ ¢; +d;. Thus if u,v € R, with u being the equivalence class of {a; };e; and
v being the equivalence class of {b;};cs, then we may unambiguously define u + v to be
the equivalence class of {a; + b; }icx, where K = 1N J.
Suppose {a;}ier and {b;};cs are both Cauchy sequences of rational numbers. Let
K = InNJ and define a new sequence {pi}rex by setting pr = apbi. Let B > 0 be an
upper bound for the set {|a;| : ¢ € I} U {|b;]| : 7 € J}. Given € > 0, choose integers N and
M such that
i — a;] < 5=

2B

for all 7,5 > N and
€

2B
for all 2,5 > M. If L is the larger of N and M, then

|bl‘ —b]‘| <

lpi — pj| = laibi — a;b;]
= |albl — a]‘bi + a]‘bi — a]‘b]‘|
= [bi(ai — aj) + a;(bi — bj]
< [bi(ai — a;| + [a;(b; —b;)
= |billai — a;| + la;[|b; — b;]

€ €
< Bﬁ + Bﬁ = e.

Hence {pg }rer is a Cauchy sequence. Now suppose a; ~ ¢; and b; ~ d;. Let B > 0 be an
upper bound for the set {|b;|: j € J} U {|e;| : © € H}, where H is the appropriate index
set. Given € > 0, choose integers N and M such that

for all 7 > N and
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for all © > M. If L is the larger of N and M, then
la;b; — cid;| = |aib; — bici + bic; — ¢;d;|
= |bi(ai —¢;) + ci(bi — di
< |bi(a; — ¢;| + |ei(b; — d;)]
= [billai = ci| + |eil[b: — di]
€ €
B—+4+B— =ce
SYsp TP T
Hence a;b; ~ ¢;d;. Thus if u,v € R, with u being the equivalence class of {a;}icr and v
being the equivalence class of {b;};cs, then we may unambiguously define uv to be the
equivalence class of {a;b; }icx, where K = 1N J.

If uw € R, we define —u = (—1)u. Note that if {a;};esr is a Cauchy sequence of ra-
tional numbers in the equivalence class of w, then {—a;};es is a Cauchy sequence in the
equivalence class of —u.

We will say that a sequence {a;};er is bounded away from 0 if there exists a rational
number § > 0 and an integer N such that |a;| > 6 for all ¢ > N. It should be clear that any
sequence which converges to 0 is not bounded away from 0. Moreover, as a consequence

of the next exercise, any Cauchy sequence which does not converge to 0 must be bounded
away from 0.

Exercise 4.2.1
Suppose {a;}ier is a Cauchy sequence which is not bounded away from 0. Show that the
sequence converges and lim; ., a; = 0.

Exercise 4.2.2
Suppose {a; }ier is a Cauchy sequence which is bounded away from 0 and a; ~ b;. Show
that {b;};cs is also bounded away from 0.

Now suppose {a; };er is a Cauchy sequence which is bounded away from 0 and choose
6 >0 and N so that |a;| > ¢ for all i > N. Define a new sequence {c;};2 y_,; by setting

1
ci=—,i=N+1,N+2,....
a;
Given € > 0, choose M so that
|a; — aj| < €8

for all 7,5 > M. Let L be the larger of N and M. Then, for all 7,7 > L, we have

|ci —¢j = 1L
a; aj
o |aj; —a
_aj — ai
|aja;]
€62

= €.

N
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Hence {c;}:2 y; is a Cauchy sequence. Now suppose a; ~ b;. By Exercise 4.2.2 we know
that {b;},cs is also bounded away from 0, so choose v > 0 and K such that |b;| > ~ for
all 7 > K. Given € > 0, choose P so that

la; — b;| < ed~.

Let S be the larger of N, K, and P. Then, for all 7,5 > S, we have

1 IS b; — a;
ai b a;b;
_ b — ai
— ab]
€y
H — €.

Hence aL ~ bi Thus if u # 0 is a real number which is the equivalence class of {a;}ier

(necesssérily bounded away from 0), then we may define

to be the equivalence class of

)
;g z‘:N+17

where N has been chosen so that |a;| > § for all « > N and some ¢ > 0.
It follows immediately from these definitions that R is a field. That is:

(1) a+b=>b+aforall a,b € R;

(2)

(3)

(4) (ab)e = a(be) for all a,b, ¢ € R;

(5) a(b+ ¢) = ab + ac for all a,b,c € R;
(6) a4+ 0 =a for all a € R;

(7) a+ (—a) =0 for all a € R;

(8) la = a for all a € R;

(9) ifa € R, a # R, then aa™! = 1.



