Lecture 24: The Tangent Function

24.1 An improper integral

Definition If f is integrable on [a,b] for all b > a and

bliﬂ_noo/abf(x)dx
/a+oof< dw—bginoo/ fa

If f is integrable on [a, b] for all « < b and

exists, then we define

b

lim [ fla)da

a—r—0o0

/_ flz)dz = lim fla)dx

a—r—0o0
a

exists, then we define

Proposition Suppose f is continuous on [a,00) and f(x) > 0 for all # > a. If there
exists ¢ : [a,+00) — R for which f x)dr exists and g(x) > f(x) for all ¥ > a, then
f;oo f(az)dx exists.

Proof See Exercise 23.2.5.

Example Suppose
1

T 1a?

and
1, fo<zx<l,

Then, for b > 1,

/Og(x)dx:/odx—l— _2dx:1+1_g:2_g’

1 X

SO

b—co

/O+Oog(:1;)d:1; = lim <2 — %) =2.

Since 0 < f(x) < g(x) for all > 0, it follows that

+oo 1
/0 1+ 22
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+oo 1
/ dr < 2.
0 14 22

Also, the substitution © = —a shows that

0 0 +oo
1 1 1
/ d:z;:—/ du:/ du.
oo 1+ 2? Lo L+ u? 0 14 u?

24.2 The arctangent function

exists, and, moreover,

Definition For any = € R, we call

T
arctan(xz) = / — dt
L 11t

the arctangent of x.

Proposition The arctangent function is differentiable at every x € R. Moreover, if
f(z) = arctan(x), then
1

Fle) = 17

Proof The result follows immediately from the the fundamental theorem of calculus.
Proposition The arctangent is increasing on R.

Proof The result follows immediately from the previous proposition and the fact that

1

>0
1+ 22
for every = € R.
+oo 1
Definition 7 =2 lim arctan(z) = 2/ —— dt.
T =400 0 1412

The following proposition says that the arctangent function is an odd function.
Proposition For any = € R, arctan(z) = — arctan(—z).
Proof Using the substitution t = —u, we have

o1 - 1
arctan(xz) = / 5 dt = —/ 5 du = — arctan(—ux).
o 1+t 0 14w

It now follows that

lim arctan(x) = — lim arctan(—z) = —Z.
T——00 T——00 2
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Hence the range of the arctangent function is

-39

Proposition If x > 0, then

1
arctan(z) + arctan <—> =

T
z 2"

Proof Using the substitution t = %, we have

¢ o1 v 1
[ ae [ (-
* 1
[
_|_Ool—l—u
+oo
1
:/ du
v 1+ u?

o1
:Z—/ du
2 o 1+ u?

= g — arctan(x).

Proposition If v < 0, then

1
arctan(x) + arctan <—> = —

T
z 2’

Proof The result follows immediately from the preceding proposition and the fact that
arctangent is an odd function.

24.3 The tangent function

Let -
A:{§+n7r:n€Z}

and D =R\ A. Let
t:< T Z>—>]R

272
be the inverse of the arctangent function. Note that ¢ is increasing and differentiable on
(—%,5). We may extend t to a function on D as follows: For any = € D, let

g(:z;):sup{n:nEZ,—g—l—mT<x}
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and define T'(x) = t(x — g(a)n).

Definition With the notation of the above discussion, for any « € D, the value T'(x) is
called the tangent of x, denoted tan(x).

Proposition The tangent function has domain D (as defined above), range R, and is
differentiable at every point x € D. Moreover, the tangent function is increasing on each
interval of the form
vis vis
(=5 +mm 5 +nm),
n € Z, with

and

tan((g +nw)—) = 00.

Definition Let D C R. A function f : D — R is said to be periodic with period p if
flz 4+ p) = f(x) for all x € D.

Proposition The tangent function has period .

Proof The result follows immediately from our definitions.

24.4 The addition formula for tangent

We will now derive the addition formula for tangent. To begin, suppose y1,y2 € (=5, 7)
with y1 +y2 € (—5,5). Let 21 = tan(y;) and 2 = tan(yz). Note that if 21 > 0, then
x1x2 > 1 would imply that

which in turn implies that

1 T
arctan(xy) 4 arctan(xz) > arctan(a;) + arctan <—> =3
4o

™

Hence we would have y; +y2 > 7, contrary to our assumptions. Similarly, if z; <0, then

x1x2 > 1 would imply that

which in turn implies that

1 T
arctan(x) 4 arctan(a2) < arctan(a;) + arctan <—> =-3
4o

Hence we would have y; +y2 < 7, again contrary to our assumptions. Thus we must have
x1x2 < 1. Moreover, suppose u is a number between —xy and 2. If 1 > 0, then

1
Ty < —,
Mo



SO

If 21 <0, then

SO

Now let

We want to show that

which will imply that

We need to compute
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arctan(x) = arctan(xy) + arctan(xs),

tan(y; ) + tan(yz)
1 — tan(y ) tan(y2)

L )

x x l—xzqx
arctan(x) = arctan <g> = / o
0

Let

where u varies between —x1, where t = 0, and x5, where t = . Now

1-— 19

r] +u
t=plu) = 1 —au’

(1 —ayu) — (21 +u)(—a1)

= tan(y1 + y2).

¢'(u) = =

which is always positive, thus showing that ¢ is an increasing function, and

(1 —ayu)? (1 —aqu)?’

1 1
2 2
(1 —2qu)?
- (1 —2u)? + (21 + u)?
(1 —2qu)?

(T4 27)(1 +u?)
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arctan(z) = / L du

—xq

_/0 1 d-|-/I2 ! d
- _9[/,11—|—u2 “ o 14 u? “

o
= —/0 T du + arctan(zs)

= —arctan(—xy ) + arctan(azg)

Hence

= arctan(x) + arctan(zz).
Now suppose y1 + y2 > 5. Then x; > 0, 22 > 0, and
1
To > —.
L1

Note then that as u increases from —z; to 1:1_17 t increases from 0 to +00; and as u increases

from 1}—1 to a9, t increases from —oo to . Hence we have

tan(z) + —/xl dt+/0 ! dt+/+oo1 dt
arctan(x ™ = : 1—|—t2 _Ool—l—tz g 1—|—t2

—/“” ! dt+/+°° L
1412 o 1412

1

T2 1 ER 1
— d d
/L 14+ w2 ut _3[/,11—|—u2 “

Tl

o 1
:/ du
1 u?

= arctan(x) — arctan(—u )

= arctan(xz) + arctan(zy ).
Hence
tan(yr + y2) = tan(yr + y2 — 7) = tan(arctan(z))

1 + T2
1— 2129

_ tan(y;) + tan(yz)

1 —tan(y;) tan(yz)
The case when 1 < 0 may be handled similarly; it then follows that the addition

formula holds for all y1,y2 € (=%, —7). The case for arbitrary y1,y2 € D with y; +y2 € D
then follows from the periodicity of the tangent function.

Proposition For any =,y € D with « +y € D,

tan(z) + tan(y)
tan(z +y) = 1 — tan(z) tan(y)




