Lecture 23: The Fundamental Theorem of Calculus

23.1 The fundamental theorem of calculus

The following result is called the fundamental theorem of calculus.

Theorem Suppose [ is integrable on [a, b] and F is continuous on [a, b] and differentiable

on (a,b) with F'(x) = f(«) for all # € (a,b). Then
/ f=F(b)— F(a).

Proof Given e >0, let P = {xg,21,...,2,} be a partition of [a,b] for which U(f, P) —
L(f,P) <e. Fori=1,2...,n,let t; € (x;-1,2;) be points for which

F(zi) = Frio1) = f(ti)(wi — viza).

Then
D Fti)(wi = wi) = Z(F(rm — F(2;1)) = F(b) — F(a)
But .
L(f,P) < Z fti)(wi — viq) SU(f,P),

b
‘F(b) — F(a) —/ f‘ <e
Since € was arbitrary, we conclude that
b
/ f=F(b) — F(a).

The following result is known as integration by parts.

Proposition Suppose f and ¢ are integrable on [a,b] and F and G are continuous on
[a,b] and differentiable on (a,b) with F'(x) = f(z) and G'(x) = g(x) for all x € (a,b).
Then

/ F(x)g(x)de = F(b)G(b) — F(a)G(a) — / flz)G(x)dx.

Proof By the fundamental theorem of calculus,

/ (F(2)g(x) + F(2)G(x))dx = F(H)G(b) — F(a)Gla).
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23.2 The other fundamental theorem of calculus

Proposition Suppose f is integrable on [a,b] and F : [a,b] — R is defined by

= / f(t)dt
Then F' is uniformly continuous on [a, b].

Proof Let € > 0 be given and let M > 0 be such that |f(x)| < M for all € [a,b]. Then
for any z,y € [a,b] with <y and y — 2 < 57,

Fly) - Flol = | pityde] < 2y - o) < e

Hence F is uniformly continuous on [a, b].
The following theorem is also sometimes called the fundamental theorem of calculus.

Theorem Suppose f is integrable on [a, b] and continuous at u € (a,b). If F: [a,b] = R
is defined by
/ £t

then F is differentiable at u and F'(u) = f(u

Proof Let € > 0 be given and choose § > 0 such that |f(z) — f(u)] < e whenever
|t —u| < §. Then if 0 < h < §, we have

«ﬂu+M—FW)
B

If —6 < h <0, then

‘F@+m—Fwy_
B

o =5 [ i s = |7

Fmo:mnFW+2_FW):ﬂm.

h—0

Hence

Proposition If f is continuous on [«, b], then there exists a function F' : [a,b] — R which
is continuous on [a,b] with F'(x) = f(x) for all « € (a,b).

Proof Let F(x /f

Example If g(x fo V14t dt, then ¢'(z) = V1 4 a*.

The result of the follovvmg proposition is called ntegration by substitution.
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Proposition Suppose [ is an open interval, ¢ : I — R, [a,b] C I, and ¢’ is continuous
on [a,b]. If f:¢([a,b]) — R is continuous, then

w(b) b
w)du = Vo (x)dz.
Lw)ﬂ) Lwa<»¢<>

Proof Suppose ¢(a) < ¢(b) and let F' be a function which is continuous on [¢(a), ¢(b)]
with F'(u) = f(u) for every u € (¢(a),¢(b)). Let ¢ = F o . Then

SO

b w(b)
[ #etoe @)de = g4) = gla) = Fle®) = Flo(a) = [~ fladu.

If p(a) > ¢(b), then

—g(a)

=g(b)
= [ et (@)

Exercise 23.2.1
Evaluate fol uv/u + 1 du using (1) integration by parts and (2) substitution.

Exercise 23.2.2
Suppose ¢ : R — R is differentiable on R and periodic with period 1 (that is, p(x + 1) =
@(x) for every x € R). Show that for any continuous function f : R — R,

tAfW@Dd@MxZO

Exercise 23.2.3
Suppose f is continuous on [a,b]. Show that there exists a point ¢ € [a, b] such that

LU:f@w—@-

This is the Integral Mean Value Theorem.
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Exercise 23.2.4
Suppose f and ¢ are continuous on [a,b] and g(x) > 0 for all € [a,b]. Show that there

exists a point ¢ € [a,b] such that
b b
/ fg= f(C)/ g

This is the Generalized Integral Mean Value Theorem.

Exercise 23.2.5
Suppose f is integrable on [a,b] for any b > a. If

b
lim /f
b—+oo a
/a - bgfl—noo/ f

Show that if f(x) > 0 for all + > a, f(z) < g(x) for all @ > a, and fa+oog exists, then
f;oof exists.

exists, then we define

23.3 Taylor’s theorem revisited

The following is another version of Taylor’s theorem.

Theorem Suppose f € C"(a,b), a € (a,b), and

k) (o
Zf . )k

Then, for any = € (a,b),

ARy

n!

flo) = Pute) + |

«

(x —t)"dt.

Proof By the fundamental theorem of calculus, we have

/ Pt = f(2) - Flo),

a +/jf’(t)dt

Hence the theorem holds for n = 0. Suppose the result holds for n = k& — 1, that is,

which implies that

z g(k)
fl2) = Pe—a(x) + / (J; _(3! (x — )<~ tdt.
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Let F(t) = fM(8), F'(t) = 0D 1), g(t) = S0 and G(t) = — =2, Then

(k—1)! > k!

(k) T
I o= [T Fgton

z r(k+1)
= F(2)G(2) — F(a)G(a) -I-/ fT(t)

ﬂ“mxm—wk+/fﬂifw@Fﬁﬁﬁ

(x —t)kat

k! !

Hence

r r(k+1)
flo) = Peto)+ [ B otar

and so the theorem holds for n = k.

Exercise 23.3.1
Under the conditions of Taylor’s theorem as just stated, show that

[ g - S0

=) (e = a)

for some v between « and . This is called the Cauchy form of the remainder.

Exercise 23.3.2
Under the conditions of Taylor’s theorem as just stated, show that

x f("+1)(t) —_— f(n+1)(7)
/a n! (v —1)"dt = (n+1)!

(z —a)*!

for some v between o and x. This is called the Lagrange form of the remainder. (Note
that this is the form of the remainder we derived earlier, although under slightly more
general assumptions.)



