Lecture 21: Properties of Integrals

21.1 Properties of integrals

Exercise 21.1.1
Suppose f : D — R and ¢ : D — R. Show that

sup{f(z) +g(x) : 2 € D} <sup{f(z):a € D} +sup{g(x) : 2 € D}
and

inf{f(z)+g(z): 2 €D} >inf{f(x) : 2 € D} +inf{g(x): x € D}
Find examples for which the inequalities are strict.

Proposition Suppose f and g are both integrable on [a,b]. Then f + g is integrable on

(a, 5] and b b b
[ra=[ 1+

Proof Given e >0, let P, and P, be partitions of [a, b] with

U(fvpl)_L(fvpl) <%

and

U(97P2) - L(97P2) <

NN e

Let P = P, U P,. By the previous exercise,
U(f+9.P)<U(f,P)+Ulg,P)

and

L(f+g,P) = L(f,P) + L(g, P).
Hence
(U(f, P)+Ulg,P)) — (L(f,P) + L(g, P))
(U(f, P) = L(f,P)) + (Ulg,P) — L(g, P))
(U(f, Pr) = L(f, P1)) + (Ulg, P2) — L(g,2 P))

€ €
—+ - =€

22
Hence f + ¢ is integrable on [a, b]. Moreover,

U(f—l—g,P)—L(f—l—g,P) <

IA

<

/(f+g)§ U(f +9,P)
U(f.P) + Ulg. P)

(/abf+§>+</abg+§>
o fo
21-1

IA
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and

Since the preceding inequalities hold for any € > 0, it follows that

b b b
[tro=[1+[q
Exercise 21.1.2

Suppose f : [a,b] — R and ¢ : [a,b] — R are both bounded. Show that

/ab<f+g>§ff+fg.

Find an example for which the inequality is strict.

Exercise 21.1.3
Find an example to show that f 4+ ¢ may be integrable on [«, b] even though neither f nor
¢ is integrable on[a, b].

Proposition If f is integrable on [a,b] and o € R, then af is integrable on [a,b] and

foreef

Exercise 21.1.4
Prove the previous proposition.

Proposition Suppose f : [a,b] — R is bounded and ¢ € (a,b). Then f is integrable on
[a,b] if and only if f is integrable on both [a,c] and [c, b].

Proof Suppose f is integrable on [a,b]. Given € > 0, let @) be a partition of [a,b] such
that

Let P=QU{c}, P, = PNJa,c], and P, N [ec,b]. Then

(U(f. Pr) = L(f, P) + (U(f, P2) — L(f, P»)) = (U(f, P1) + U(f, P2))

— (L(f, P1) + L(f, I»))
(f.P)—L(f.P)
(f.Q) — L(f.Q)

o g

<
<

€.
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Thus we must have both

U(fvpl)_L(fvpl) <€
and

U(f7P2)_L(f7P2)<€

Hence f is integrable on both [a, ¢] and [e, b].
Now suppose f is integrable on both [a,¢| and [¢,b]. Given € > 0, let P; and P, be
partitions of [a, ¢] and [¢, b], respectively, such that

U(fvpl)_L(fvpl) <

DN o

and

U(f7P2)_L(f7P2) <
Let P = Py U P;. Then P is a partition of [a,b] and

NN e

U(f,P)— ( ) (U( 7P1) (f7P2)) (L(f,P1)+L(f,P2))
<§+%

Thus f is integrable on [a, b].
Proposition Suppose f is integrable on [a,b] and ¢ € (a,b). Then

/abf:/acf+/cbf.

Proof If P and @ are partitions of [a, ¢] and [c, D], respectively, then

U(f,P)+ U(f.Q) = U(f£,PUQ) > / 7.

Thus .

P)z/a F-U(£Q
) /acf:ffz/abf—U(f,Q)
Hence

U(f,Q _/ /f,

/beszz/abf—/acf.
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/acf+/cbf2/abf-

Similarly, if P and @ are partitions of [a,c] and [¢, b], respectively, then

Thus

L(f.P)+ L(f.Q) = L(f,PUQ) < / 7.

Thus .

L(f,P) < / F-L(f.Q).
) /acfz/;fs/abf—uf,@-
Hence

L(f,Q)S/abf—/acf,
>0 /cb f _ /cbf S /ab f B /ac f
Thus c - b b

/af+/c fﬁ/a .

Hence

c b b
[+ r=]s
Exercise 21.1.5

Suppose f : [a,b] — R is bounded and B is a finite subset of (a,b). Show that if f is

continuous on [a,b] \ B, then f is integrable on [a, b).



