Lecture 20: Integrability Conditions

20.1 Integrability conditions
Proposition If f: [a,b] — R is monotonic, then f is integrable on [a, b).

Proof Suppose f is nondecreasing.Given € > 0, let n € ZT be large enough that

(f(b) = fa))(b — a)

n

< €.

For:=0,1,...,n, let
(b—a)i

n

T =a+

Let P = {x0,21,...,2,}. Then

= (i) — flai)
= P2 n) — flro) + (Flea) — flan)) o
+ (f(en—1) = flan—2)) + (f(zn) = flzn-1)))
b—a

= (f(b) = fla)) <e

n
Hence f is integrable on [a, b).

Example Let ¢:QnN[0,1] — ZT be a one-to-one correspondence. Define f: [0,1] — R

by X
flx) = Z SR

qun[o,ﬂ
g<=z

Then f is increasing on [0, 1], and hence integrable on [0, 1].
Proposition If f: [a,b] — R is continuous, then f is integrable on [a, b].

Proof Given € > 0, let
€

Vzb—a'

Since f is uniformly continuous on [a, b], we may choose § > 0 such that

|f(z) = fly)l <~

whenever | —y| < . Let P = {xg,21,...,2,} be a partition with

sup{|z; —x;—1]|:1=1,2,....n} <.
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Lecture 20: Integrability Conditions 20-2
If, for: =1,2,...,n,
m; = inf{f(x) 1 x;01 <@ < a;}

and
M; =sup{f(z):2;-1 < @ < ayf,

then M; — m; < ~. Hence

7

Ugjw—LgJU:}jMx@—ng—E:mxm—ng

=1

= Z(Mz —mg)(@; —x-1)

< Z(l‘l — xi_l)
=1

=~(b—a)=¢e
Thus f is integrable on [a, b].

Exercise 20.1.1
Suppose f : [a,b] — R is bounded and let ¢ € [a,b]. Show that if f is continuous on
[a,b] \ {c}, then f is integrable on [a, b).

Exercise 20.1.2
Suppose [ is continuous on [a,b] with f(x) > 0 for all @ € [a,b]. Show that if fab f=0,
then f(x) = 0 for all « € [a,b].

Exercise 20.1.3
Suppose f is continuous on [a,b]. Fori=0,1,...,n, n € Z", let
(b—a)i

n

Ty =a+

and, for 1 = 1,2,...,n, let ¢; € [x;—1,2;]. Show that

b b—a —
/f:gan S fle.
a =1

(The approximation

b n
b—a
[t s
is called the right-hand rule approximation if ¢; = x;, the left-hand rule approrimation if

¢; = xi—1, and the midpoint rule approximation if

Ti—1 + 4

2

c; =

These are basic ingredients in creating numerical approximations to integrals.)



