
Lecture 14: Continuous Functions

14.1 Continuity at a point

De�nition Suppose D � R, f : D ! R, and a 2 D. We say f is continuous at a if
either a is an isolated point of D or limx!a f(x) = f(a). If f is not continuous at a, we
say f is discontinuous at a, or that f has a discontinuity at a.

Example De�ne f : R! R by

f(x) =

�
1; if x is rational,
0; if x is irrational.

Then f is discontinuous at every x 2 R.
Example De�ne f : R! R by

f(x) =

�
x; if x is rational,
0; if x is irrational.

Then f is continuous at 0, but discontinuous at every x 6= 0.

If D � R, � 2 R, f : D ! R, and g : D ! R, then we de�ne �f : D ! R by
(�f)(x) = �f(x), f + g : D ! R by (f + g)(x) = f(x) + g(x), and fg : D ! R by
(fg)(x) = f(x)g(x). Moreover, if g(x) 6= 0 for all x 2 D, we de�ne f

g
: D ! R by

�
f

g

�
(x) =

f(x)

g(x)
:

Proposition Suppose D � R, � 2 R, f : D ! R, and g : D ! R. If f and g are
continuous at a, then �f , f + g, and fg are all continuous at a. Moreover, if g(x) 6= 0 for
all x 2 D, then f

g
is continuous at a.

Exercise 14.1.1

Prove the previous proposition.

Proposition Suppose D � R, f : D ! R, f(x) � 0 for all x 2 D, and f is continuous
at a 2 D. If g : D ! R is de�ned by g(x) =

p
f(x), then g is continuous at a.

Exercise 14.1.2

Prove the previous proposition.

Proposition Suppose D � R, f : D! R, and a 2 D. Then f is continuous at a if and
only if for every � > 0 there exists � > 0 such that

jf(x) � f(a)j < �

whenever
x 2 (a � �; a + �) \D:
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Proof Suppose f is continuous at a. If a is an isolated point of D, then there exists a
� > 0 such that

(a� �; a + �) \D = fag:
Then for any � > 0,

jf(x) � f(a)j = jf(a) � f(a)j = 0 < �

whenever

x 2 (a � �; a + �) \D:

If a is a limit point of D, then limx!a f(x) = f(a) implies that for any � > 0 there exists
� > 0 such that

jf(x) � f(a)j < �

whenever

x 2 (a � �; a + �) \D:

Now suppose that for every � > 0 there exists � > 0 such that

jf(x) � f(a)j < �

whenever

x 2 (a � �; a + �) \D:

If a is an isolated point, then f is continuous at a. If a is a limit point, then this condition
implies limx!a f(x) = f(a), and so f is continuous at a.

From the preceding, it should be clear that a function f : D ! R is continuous at a
point a of D if and only if for every sequence fxngn2I with xn 2 D for every n 2 I and
limn!1 xn = a, limn!1 f(xn) = f(a).

Exercise 14.1.3

Show that if f : D ! R is continuous at a 2 D and f(a) > 0, then there exists an open
interval I such that a 2 I and f(x) > 0 for every x 2 I \D.

Proposition Suppose D � R, E � R, g : D ! R, f : E ! R, g(D) � E, and a 2 D. If
g is continuous at a and f is continuous at g(a), then f � g is continuous at a.

Proof Let fxngn2I be a sequence with xn 2 D for every n 2 I and limn!1 xn = a.
Then, since g is continuous at a, fg(xn)gn2I is a sequence with g(xn) 2 E for every
n 2 I and limn!1 g(xn) = g(a). Hence, since f is continuous at g(a), limn!1 f(g(xn)) =
f(g(a)). That is, limn!1(f � g)(xn) = (f � g)(a). Hence f � g is continuous at a.

De�nition Let D � R, f : D ! R, and a 2 D. If f is not continuous at a but both
f(a�) and f(a+) exist, then we say f has a simple discontinuity at a.

Proposition Suppose f is monotonic on the interval (a; b). Then every discontinuity of
f in (a; b) is a simple discontinuity. Moreover, if E is the set of points in (a; b) at which f

is discontinuous, then either E = ;, E is �nite, or E is countable.
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Proof The �rst statement follows immediately from a previous result. For the second
statement, suppose f is nondecreasing and suppose E is nonempty. From our previous
result we know that for every x 2 (a; b),

f(x�) � f(x) � f(x+):

Hence x 2 E if and only if f(x�) < f(x+). Hence for every x 2 E, we may choose a
rational number rx such that f(x�) < rx < f(x+). Now if x; y 2 E with x < y, then

rx < f(x+) � f(y�) < ry;

so rx 6= ry. Thus we have a one-to-one correspondence between E and a subset of Q, and
so E is either �nite or countable. A similar argument holds if f is nonincreasing.

Exercise 14.1.4

De�ne f : R! R de�ne by

f(x) =

8<
:

1
q
; if x is rational and x = p

q
,

0; if x is irrational,

where p and q are taken to be relatively prime integers with q > 0, and we take q = 1 when
x = 0. Show that f is continuous at every irrational number and has simple discontinuity
at every rational number.

14.2 Continuity on a set

De�nition Suppose D � R and f : D ! R. We say f is continuous on D if f is
continuous at every point a 2 D.

Proposition If f is a polynomial, then f is continuous on R.

Proposition If D � R and f : D! R is a rational function, then f is continuous on D.

Exercise 14.2.1

Explain why the function f(x) =
p
1� x2 is continuous on [�1; 1].

Exercise 14.2.2

Discuss the continuity of the function

f(x) =

(
x + 1; if x < 0,
4; if x = 0,
x2; if x > 0.

If D � R, f : D ! R, and E � R, we let

f�1(E) = fx : f(x) 2 Eg:
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Proposition Suppose D � R and f : D! R. Then f is continuous on D if and only if
for every open set V � R, f�1(V ) = U \D for some open set U � R.
Proof Suppose f is continuous on D and V � R is an open set. If V \ f(D) = ;, then
f�1(V ) = ;, which is open. So suppose V \f(D) 6= ; and let a 2 f�1(V ). Since V is open
and f(a) 2 V , there exists �a > 0 such that

(f(a) � �a; f(a) + �a) � V:

Since f is continuous, there exists �a > 0 such that

f((a � �a; a + �a) \D) � (f(a) � �a; f(a) + �a) � V:

That is, (a � �a; a + �a) \D � f�1(V ). Let

U =
[

a2f�1(V )

(a � �a; a+ �a):

Then U is open and f�1(V ) = U \D.
Now suppose that for every open set V � R, f�1(V ) = U \D for some open set U � R.

Let a 2 D and let � > 0 be given. Since (f(a) � �; f(a) + �) is open, there exists an open
set U such that

U \D = f�1((f(a) � �; f(a) + �)):

Since U is open and a 2 U , there exists � > 0 such that (a � �; a + �) � U . But then

f((a � �; a+ �) \D) � (f(a) � �; f(a) + �):

That is, if x 2 (a � �; a + �) \D, then jf(x) � f(a)j < �. Hence f is continuous at a.

Exercise 14.2.3

Let D � R and f : D ! R. For any E � R, show that f�1(R nE) = (R n f�1(E)) \D.

Exercise 14.2.4

Let A be a set and, for each � 2 A, let U� � R. Given D � R and a function f : D ! R,
show that [

�2A

f�1(U�) = f�1

 [
�2A

U�

!

and \
�2A

f�1(U�) = f�1

 \
�2A

U�

!
:

Exercise 14.2.5

Suppose D � R and f : D ! R. Show that f is continuous on D if and only if for every
closed set C � R, f�1(C) = F \D for some closed set F � R.
Exercise 14.2.6

Let D � R. A function f : D ! R is said to be Lipschitz if there exists � 2 R, � > 0,
such that jf(x) � f(y)j � �jx � yj for all x; y 2 D. Show that if f is Lipschitz, then f is
continuous.


