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12.1 The derivative

Definition 12.1. Suppose f is defined on a neighborhood of a point 2z, € C.
We say f is differentiable at zg if

i 12 = £ ()

2—20 zZ— 2

exists, in which case we call

f/(Zo) — lim f(z) — f(20>

=2 2 — 29
the deriwative of f at z.

Note that, letting Az = z — 2y, we could also write

o) = pim T2 I)

Moreover, if we let w = f(2) and Aw = f(z+ Az) — f(z), then we may write

Aw _ dw

/ T had
f(z)_Algilo Az dz’



Example 12.1. Suppose f(z) = 2", where n is a positive integer. Then
fz+Az)— f(z) = (z+ A2)" = 2"

= (2" 4+ n2"""Az + -+ nz(A2)" 4 (A2)") = 2
=n2" Az 4 nz(A2)" + (A2)",

SO
f(Z + AAZ) - f(Z) _ nznfl 4+ .4 nz(AZ)n72 + (Az)nil'
z
Hence flz+ Az) — f(2)
Lo z+Az)—Jz)
f(z) = Jim Az S
Example 12.2. Let
fe) = el = 22
Then
[ +A2) = f(2) _ (z+A)(+B2) - 22
Az B Az
Az 4 zZAz+ AZAz
- Az
_ —+_+ E
=< & ZAZ.

It follows that
flz+ Az) — f(2)

A —zZ+z
as Az — 0 along the real axis and
Az) —
feta) —fe)

Az

as Az — 0 along the imaginary axis. Hence f is not differentiable at any
z# 0. If z=0, then

i JEFADZSE) Az =0,
Az—0 AZ Az—0

and so f'(0) = 0. Note that if we write f(x + iy) = u(z,y) + iv(z,y), then
u(a,y) = a® +y?
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and
v(x,y) =0.

Hence u and v have continuous partial derivatives of all order. This shows
that the differentiability of v and v does not imply that f is differentiable.
Moreover, note that this also shows that a function may be continuous at a
point without being differentiable at that point.

Proposition 12.1. If f is differentiable at 2, then f is continuous at z.

Proof. We need to show that

lim f(2) = f(z0),

z—20

or, equivalently, that

lim (f(z) = f(z0)) = 0.

2—20

The latter follows from

i (6) = 1) = Jim =T )
- i S0 e )
= f'(2)(0)
=0.

12.2 Differentiation formulas

Proposition 12.2. If ¢ € C and f(z) = ¢ for all ¢ € C, then f'(z) = 0 for
all z € C.

Proof. We have

f/(z) — lim f(w> —f(Z) : c—¢C

w—z w—z w—z W — 2



Proposition 12.3. If ¢ € C and f is differentiable at z, then

Proof. We have

(cf(2)) = lim cf(w) = cf(z) = ¢ lim flw) — f(z)

d
dz w—z w— 2 w—z w— 2

=cf'(2).

Proposition 12.4. If f and g are both differentiable at z, then

d

() +9(2) = 1) +9(2),

%f(Z)g(z) = [(2)g'(2) + 9(2)f'(2),

and, if g(z) # 0,
4G _a@f () - FE )

dz g(2) 9()?
Proof. For the first statement, we have
04 o) = i L) 0000 ) )
= lim (f(wuz - f(z) . g(wuz - Z(Z))
= f,(Z) + g,(z).

For the second,

L1t =ty L) = [0

L fwg(w) — F(gw) + F(elw) — F)(2)
o (=10 s
— 4 () + F2)g(2).
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And for the third,

flw)  f(z)
dz g(Z) w—z w—z
i T@)9(2) — f(2)g(w)
w=z o g(w)g(z)(w — z)
— lim F(w)g(z) — f(2)g(2) + f(2)g(2) — f(2)g(w)
o g(w)g(z)(w — =)
L g(z)f(wu)} - 5(2) f(z)g(wu)} - Z(z)
"o @)

]

Proposition 12.5. If f is differentiable at 2z, and g is differentiable at f(z),
then

(g0 f)(20) = ¢'(f(20)) f'(20)-

Proof. Let wy = f(29) and choose € > 0 so that g is defined on the e neigh-
borhood of wy. Call this neighborhood W. For w € W, define

g(w) — g(wo) , .
O(w) = {— —g'(wo), if w # wy,

w — Wy
0, if w = wy.

Note that
lim ®(w) = ¢'(wo) — ¢’ (wp) = 0 = P(wy),

w—wo

so ® is continuous at wy. It also follows that

g(w) = g(wo) = (¢'(wo) + ®(w))(w — wo)

for all w € W. Now choose § > 0 so that f is defined for all z in the ¢
neighborhood of 2y and f(z) € W whenever z is in this neighborhood (such
a d exists because f is continuous at zp). Call this neighborhood U. We then
have that

9(f(2)) = 9(f(20)) = (¢'(f(20)) + 2(f(2)))(f(2) — f(20))
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for all z € U. Hence we have

(go f)(z) = lim 9(f(2)) — g(f(20)

— JE?O(gI(ﬂzO)) + @(f(z)))%io(zo)
= g'(f(20))f(=0)-



