Lecture 8: Line Segments and Rays

8.1 Line Segments

Definition Given distinct points A and B in a metric geometry, we call the set

AB={C:CcABand C=A,C =B, or A—C — B}
the line segment from A to B.

Example Consider points A = (z1,y1) and B = (22, y2) on the line .L, in the Poincaré
Plane with 27 < x5. Suppose C = (z,y) with A—C — B. If f : .L, — R is the ruler

defined by
r—c+r
) =tog (=55

and t1 = f(A), ta = f(B), and t = f(C), then t; %t xta. Now z1 = ¢ + rtanh(t1),
x = c+rtanh(t), and x5 = c+rtanh(ty), and the hyperbolic tangent function is increasing,
SO T1 * X * To. Since r1 < To, we must have

1 <x < Zo.

Hence L
ABcCcA{C:Ce€  L,,C=(z,y), 11 <z < x2}.

Now suppose C' € L., C = (x,y), and 1 < x < x5. Since the function g(t) = c+r tanh(t)
is increasing, g~! is increasing. Since t; = f(A) = g '(z1), t = f(C) = g~ (), and
to = f(B) = g '(x2), it follows that t; < t < t5. Hence either C = A (it t = 1),
A—C—B (ift; <t <ty),or C =B (if t =tg). Thus

{C:C¢€.L,,C=(x,y),z1 <z <15} C AB.

Hence L
AB={C:Ce€ L., C=(z,y),x1 <z < x2}.

Definition Let S be a set of points in a metric geometry. We call a point B € S a
passing point of S if there exist points P and @ in S such that P — B — (). We call a point
which is not a passing point of S an extreme point of S.

Theorem Given distinct points A and B in a metric geometry, the extreme points of
AB are A and B.

Proof Suppose A is a passing point of AB. Then there exist points P, Q € AB such that
P — A— Q. Now one of the following must hold: B—P—-A—-Q,B=P,P—-B—-A—-Q,
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P—-A—B—-Q,B=Q,or P—A—(Q — B. The first three of these imply that B — A — Q,
and so Q ¢ AB, and the last three imply P — A — B, and so P ¢ AB. Either of these
conclusions contradicts our assumptions about P and (). Hence A must be an extreme
point of AB. A similar argument shows that B is an extreme point of AB.

Finally, consider a point P € AB, P # A and P # B.Then A— P — B,so P is a passing
point of AB. Hence A and B are the only extreme points of AB.

Theorem If A, B, C, and D are points in a metric geometry with AB = CD, then
{A,B} ={C,D}

Proof The sets {A, B} and {C, D} are both characterized as the set of extreme points
of AB.

Definition We call the points A and B the endpoints, or vertices, of the line segment
AB.

Definition The length of a line segment AB is AB.

8.2 Rays
Definition Given distinct points A and B in a metric geometry, the ray from A toward

B is the set . .
AB=ABU{C:C € AB,A—B-C}.

Theorem If AB are points in the Euclidean Plane {R?, Ly, dg}, then
AB={C:CcR* C=A+t(B—-A),0<t<1}

and .
AB={C:CcR*C=A+t(B—- A),t>0}.

Proof Homework

Theorem If A, B, and C' are points in a metric geometry with C € /E?), C # A, then
AB = AC.

Proof Homework

Theorem If A, B, and C are points in a metric geometry with A.—B> = C'—D, then A = C.

Proof Homework
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Definition We call the point A the vertex, or initial point, of the ray AB.

Theorem If A and B are distinct points in a metric geometry, then there exists a ruler
f: AB — R such that
AB={P:Pe€ AB, f(P)>0}.

Proof Let f: :4—)B — R be ruler with origin A and B positive. Suppose Q) € :4—>B and
f(@) = 0. Then either f(Q) =0, 0 < f(Q) < f(B), f(Q) = f(B), or 0 < f(B) < f(Q).
Hence either Q = A, A—Q — B, A=B,or A— B — (. Thus Q € AB, and so

(P:.PcAB, f(P)>0} C AB.

Now suppose @ € sz If f(Q) <0, then f(Q) < f(A) < f(B), so @ — A— B. But then
Q ¢ AB. Hence we must have f(@Q) > 0. Thus

AB C {P:P e AB, f(P) >0},

and so . .
AB={P:Pe€ AB, f(P) > 0}.

8.3 Congruence

Definition We say line segments AB and CD are congruent, written AB ~ CD, if
AB =CD.

Segment Construction Given a ray AB and a segment P(Q in a metric geometry, then
there exists a unique point C' € AB with PQ ~ AC.

Proof Let f be a ruler for /Té with A as origin and B positive. Let » = PQ and let
C = f~1(r). Then, since f(C)=r >0, C € AB and

AC = [f(A) = f(O) =0 —r| =7 = PQ,
so AC ~ PQ. Now suppose D € A_B) with AD ~ PQ. Then, since f(D) > 0,

HC)=r=AD =[f(D) - f(A)| = |f(D)] = f(D),

implying that D = C (since f is injective). Hence the point C' is unique.
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Segment Addition In a metric geometry, if A— B —-C, P—-Q — R, AB ~ PQ, and
BC ~ QR, then AC ~ PR.

Proof Homework

Segment Subtraction In a metric geometry, if A—B—C, P—-Q — R, AB ~ PQ, and
AC ~ PR, then BC ~ QR.

Proof Homework



