Lecture 6: The Cartesian Plane Revisited

6.1 Points as vectors
Definition If A = (z1,y1), B = (22,¥2), and o € R, then
A+ B = (z1+ 22,91 + y2),

aA = (axy, azs),
A—B=A+(-1)B = (v1 — 22,91 — ¥2),
(A, B) = z122 + 1192,

[A[l = V/(4, A).

and

Given any A, B € R?, let

Lig={P:P=A+t(B—A),tcR}

Then, in the Cartesian Plane {R2, Lr}, Lap = AB and, if we let
L={Lsp:A, BecR?*},

we have

Lr =L

Recall: If A, B € R?, then dg(A, B) = |A — B

Theorem Given ¢ = Lp in the Cartesian Plane, the function f : £ — R defined at
P=A+tB—-A)by
f(P)=t[B— Al

is a ruler for £ in {R? Lg,dg}.
Proof Note that for any P = A+ t(B—A) and Q = A+ s(B— A), t,s € R, on ¢, we

have
de(P,Q) =[[A-B| = |t(B—-A)—s(B-A)| =B -A|lt—s|

Hence
1f(P) = f(Q)I = [t]| B — Al| = s[|B— All| = | B — Al[t — 5| = de(P, Q).
Thus f is a ruler for 4.
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6.2 Two inequalities

Cauchy-Schwarz Inequality If A, B € R?, then
(A, B)| < || A]l||B]|-
Moreover, equality holds if and only if either B = (0,0) or A = tB for some t € R.

Proof If B =(0,0), then
(A, B)| = 0 = [|A[l[|B]].

Suppose B # (0,0). Define g : R — R by
g(t) = |4~ tB|*.

Then
g(t) = (A—tB,A—tB) = (A, A) — 2t(A, B) + t*(B, B),

so g(t) is a quadratic polynomial. Since g(t) > 0 for all ¢, it follows that g has at most one
real zero. Hence, using the quadratic formula, we have

4(A, B)? —4(B, B)(A, A) < 0.

Hence
(4, B)| < V(A,A)(B, B) = || A|||B].

Finally, note that
4(A,B)* — 4(B,B)(A,A) =0

if and only if ¢g(¢) has a zero. In that case, there exists a t € R such that
0=g(t)=A~tB|?
which is true if and only if A =tB.
Definition Suppose d is a distance function on a set S. We say d satisfies the triangle
inequality if, for all A, B,C € S,
d(A,C) <d(A,B)+d(B,C).

Theorem The Euclidean distance function, dg, satisfies the triangle inequality.

Proof If P,Q € R? we have
IP+QI*=(P+Q,P+Q)
= (P.P)*+2(P,Q) +(Q, Q)"
= Pl +2(P,Q) + IR
< [Pl +2[(P, Q) + [ Q]
< [Pl +2[[ PRI + QI
= (1Pl + QID?,
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from which it follows that
1P+ QI <Pl + Q]

If A,B,CeR? let P=A—Band Q=B —C. Then

dp(A,C) = |A-C| = [(A=B)+(B-C)|| < [A=B||+|B-C| = de(A, B) +dg(B,C).



