Lecture 24: Saccheri Quadrilaterals

24.1 Saccheri Quadrilaterals

Definition In a protractor geometry, we call a quadrilateral UABCD a Saccheri quadri-
lateral, denoted BJABCD, if ZA and ZD are right angles and AB ~ CD. Given BJABCD,

we call AD the lower base, BC the upper base, AB and CD the legs, ZA and /D the
lower base angles, and ZB and ZC' the upper base angles.

Theorem A Saccheri quadrilateral is a convex quadrilateral.

Proof Given BIABCD, E is perpendicular to both :4—B) and C<’—)D Hence zTB and Cﬁ
are parallel, and so BJABCD is a convex quadrilateral.

Definition Given convex quadrilaterals HJABCD and OPQRS, we write HABCD =~
OPQRS if AB ~ PQ, BC ~ QR, CD ~ RA, DA ~ SP, /A ~ /P, /B ~ /Q,
LC ~ /R, and £ZD ~ ZS. We say two convex quadrilaterals are congruent it it is possible
to label the vertices of one with A, B, C, and D and the other with P, @), R, and S in
such a way that JABCD ~ OPQRS.

Theorem If, in a neutral geometry, AD ~ PS and AB ~ PQ, then BJABCD ~
BIPQRS.

Proof See homework.

Theorem Given BIABCD in a neutral geometry, BBABCD ~ DCBA. In particular,
/B~ /C.

Proof See homework.

Polygon Inequality If P, P, ..., P, are points in a neutral geometry, then

PP, < PP+ PPs+--- P, 1P,

Proof The result is the Triangle Inequality for n = 3. For n = 4,
PPy < PP+ PoPs,

and
PPy < P P3+ P3Py,

SO
PP, < PP+ P,Ps+ P3Py.
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The result follows from repeating the process.
Theorem Given BJABCD in a neutral geometry, BC' > AD.

Proof Let Ay = A, By = B, A, = D, and By = (5. For each k > 2, let A; be the

«—

unique point on AD such that Ap_o — Ap_1 — A and Ap_1Ar >~ AD, and let By be the

unique point on the same side of AD as B with AyB; L AD and A,Bj; ~ BA. Then
SIABCD ~ ElAkakAk+1Bkv+1 for k = 1, 2, 3, “ues

Hence, for any n > 1,
A1Apt1 <ABy +B1By+ ByBs+ -+ B, Bpt1 + Bpy1Ansa,

and so
nAD < 2AB +nBC

for every n > 1. That is,
2
AD - BC < —AB
n

for every n > 2. Thus we must have AD — BC <0, so AD < BC.
Theorem Given BJABCD in a neutral geometry, ZABD < /BDC.
Proof See homework.

Theorem In a neutral geometry, the sum of the measures of the acute angles of a right
triangle is less than or equal to 90.

Proof Let AABD be a right trlangle with rlght angle at A. Let C' be the unique point
on the same side of AD as B with CD 4 AD and AB ~ CD. Then BIABCD, and so

m(LABD) +m(ZADB) < m(ZBDC) +m(ZADB).
Now B € int(£LADC) (since BJABCD is a convex quadrilateral), so
m(£BDC) +m(LADB) = m(ZADC) = 90.

Hence

m(ZABD) +m(Z/ADB) < 90.

Saccheri’s Theorem Given AABC in a neutral geometry,

m(ZLA) +m(£LB) +m(£C) < 180.
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Proof Suppose AC is a longest side AABC and let D be the foot of the perpendicular
from B to AC. Then A — D — C and D € int(£LABC'). Hence

m(ZCAB) + m(ZABC) + m(/BCA) = m(/DAB) + m(ZABD)
+m(£DBC) +m(£BCD)
<90 4 90 = 180.

Theorem Given AABC in a neutral geometry which also satisfies the Euclidean Parallel
Property,
m(ZA) +m(£LB) +m(£C) = 180.

Proof Let ¢ be the unique line through B parallel to :4—0) and let D and E be points

with D — B — E and A and D on the same side of B?’ Then /DBA and /BAC are
alternate interior angles, and hence congruent, as are Z/EBC and ZACB.

Now A € int(£DBC), so
m(£DBA) + m(ZABC) = m(£/DBC).

Hence

m(£LCAB) + m(£LABC) 4+ m(£BCA) = m(£LDBA) + m(£LABC) + m(£LEBC)
— m(£DBC) + m(LEBC) = 180.

Definition We call JABCD a parallelogram if EHE and EH(B—()? We call HABCD
a rectangle if all four angles are right angles, and we call JABC'D a square if it is a rectangle
and

AB~ BC ~CD ~ DA.

Theorem Given EABC’D in a neutral geometry with M the midpoint of AD and N
the midpoint of BC, then MN L AD and MN 4 BC’

Proof See homework
Theorem In a neutral geometry, a Saccheri quadrilateral is a parallelogram.

Theorem If, in a neutral geometry, JABCD has right angles at A and D and AB > DC,
then ZABC < Z/DCB.
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Proof Let F be point on D—C> so that D — C — E and DE ~ AB. Then BIABED, so
/ABE ~ /DEB. Now /ZDCB is an exterior angle of ABEC, so /DCB > /DEB.
Moreover, C' € int(LABE), so ZABC < ZABE. Thus ZABC < ZDCB.

Theorem If, in a neutral geometry, JABCD has right angles at A and D, then (1)
AB > CD if and only if ZABC < ZDCB, (2) AB ~ CD if and only if ZABC ~ /DCB,
and (3) AB < CD if and only if ZABC > /DCB.

Proof See homework.

Definition We say a set of points S in a neutral geometry {P, L, d, m} is equidistant
from a line ¢ if d(P,¢) = d(Q,¢) for all P,Q € S.

Giordano’s Theorem If, in a neutral geometry, ¢ and m are lines and A, B, and C' are
points on ¢ such that
d(A,m) =d(B,m) =d(C,m),

then ¢ is equidistant from m.

Proof We may assume ¢ # m. At least two of A, B, and C' lie on one side of m; suppose
A and B lie on the same side of m. If D is the foot of the perpendicular from A to m and

FE is the foot of the perpendicular from B to m, then BIDABE, so fT)B = { is parallel to
m. Hence C lies on the same side of m as A and B. Let F' be the foot of the perpendicular
from C' to m.

Suppose A — B — C. Then we have SIDABFE, BIDACF, and BIEBCF'. Hence
/ABE ~ /BAD ~ BCF ~ /CBE.

Since ZABFE and ZCBE form a linear pair, it follows that ZABE is a right angle, and
hence all three Saccheri quadrilaterals are in fact rectangles.

Given P € /¢, other than A, B, or C, we need to show d(P,m) = AD. Let S be the foot of
the perpendicular from P to m. First suppose P lies between A and C. If PS 1 ¢, then

/APS ~ /PAD, and so PS = AD. If ]?S is not perpendicular to ¢, then one of ZAPS
and ZCPS is acute. Suppose ZAPS is acute and ZC'PS is obtuse. Then AD < PS < CF,

contradicting the assumption that AD = C'F'. Hence PS L ¢, and d(P,m) = d(A,m).

Finally, suppose P ¢ AC. Let Q be the point on £ such that P — A — Q and AQ ~ PA
and let T be the foot of the perpendicular from @ to m. Now APAD ~ AQAD by
Side-Angle-Side and APDS ~ QDT by Hypotenuse-Angle. Hence PS = Q7. Similarly,
we may find point R on ¢ such that P — C — R and PC ~ CR. If U is the foot of the
perpendicular from R to m, then, using the same argument, PS = RU. Hence

d(P,m) =d(Q,m) = d(R,m).
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Since P — A — @, it follows from above that PS = AD. Hence d(P,m) = d(A,m), and ¢

is equidistant from m.



