Lecture 16: The Moulton Plane

16.1 The Moulton plane
Example Given b,m € R, m > 0, let
My = {(z,y) : (v,y) ER* y =max +bforz <0,y = %x—i—bforac > 0}.
Let
Ly ={Ls:Ls€Lr,a € R}U{Lpyp: Linp € Le,m<0,beR}YU{M,,, : m >0,beR}.
Given distinct points A = (x1,y;) and B = (x2,42) in R? with z; < x5, then
AB =1L,

if 11 = 29 = a and
AB = Ly p
if 11 <9, Y2 < w1,

Y2 — Y1
m = ,
T2 —T1

and
b=y —mz.

Now suppose yo > yp. If 21 < x99 <0, then
AB = M, p,

and if 0 < 21 < a9,
AB = MZm,b7

where m and b are as above. Now if 7 < 0 < x5, we need to find m and b so that

y1 =mz1 + b
and
m
Y2 = 5 T2 +b.

Subtracting and solving for m, we have

Y2~ U1

1 .
5%2 — 1
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Hence, with b = y; — max,
AB = My p.

To define distance, we first let
du (P, Q) = dg(P,Q)

if either P = Q or PQ € Lg. If P,Q € M, for some m > 0 and b € R, P = (21,¥1),
Q = (z2,y2), we let

dE(P7 Q)7 if T1T2 > 07
dg(P,(0,0)) +dg((0,0),Q), otherwise.
Given a line in ¢ € L), we define a ruler f: ¢ — R by
flay) =y
if { =L, € Lg for some a € R;

f(z,y) =z 1+ m?

it { = L, € Lg for some m,b € R, m < 0; and

xv1+m?2, ifz<0,

f(x,y)z m2
CL‘\/I—FT, ifx >0

if £ = M, , for some m,b € R, m > 0.
Now suppose A, B,C € R? are noncollinear. If B ¢ Lo, we define

where A’ € BA and ¢’ € BC such that A, B, and C all lie on the same side of Ly. If
B =(0,b) and P = (z,y), let

p_(@2y=0b), ifzx>0andy>b,
b (z,y), otherwise.

Then we define

—b
2y—b:b—|—2<y )x,
x

Note that
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putting P, where P would have been if the line BP had not been bent at B.

With all these definitions, {RQ, Ly, dyr, mpr} is a protractor geometry, which we call the
Moulton Plane.

Example Let A= (-2,1), B =(0,0), and C = (1,2) be points in the Moulton Plane.
Then L
AB — L_%vo,
BC = My,
AC = Ms s,
575
AB = /5,
BC = V5,

2v/2 2
AC = dp ((—2, 1), <o, g)) +dg ( 0, %) ,(1,2)) = Tg + @ ~ 3.1739,

ISP | <(27%) ,(2,-1)) o 8 N
mu(LCAB) = cos ( 2/ 5 ) = cos (\/TT5> ~ 48.37,
< 2

mar(£LABC) = cos™! (<(_2\’/é)\’/§_17’ 4)>) =cos ™! = A~ T7.A47,
and
—1,-2), (-1,-%
mar(LACB) = cos™! (=1,-2), (-1,-5)) = cos™! (L> ~ 52.13
/52 130
Note that

ma (LCAB) +mpy (LABC) + mpy (LACB) =~ 177.96.



