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The simplest equations

I We call an equation
du

dt
= f (t, u) a pure time equation if f (t, u)

depends on only t.

I The general solution of
du

dt
= g(t) is

u(t) =

∫
g(t)dt.

I Note: This is really just rephrasing the problem.

I Example: The general solution of
du

dt
= t sin(t2) is

u(t) =

∫
t sin(t2)dt = −1

2
cos(t2) + c .
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Initial value problems

I Fundamental Theorem of Calculus: If g is continuous on an interval
containing [a, b], then

d

dt

∫ t

a
g(s)ds = g(t).

I If follows that a particular solution for
du

dt
= g(t),

u(t0) = u0,

is

u(t) =

∫ t

t0

g(s)ds + u0.
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Example

I Consider the initial value problem
du

dt
= sin(4t),

u(π) = 10.

I The solution is

u(t) =

∫ t

π
sin(4s)ds + 10 = −1

4
cos(4s)

∣∣∣∣t
π

+ 10 = −1

4
cos(4t) +

41

4
.
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Example

I Consider the initial value problem, for a fixed constant g > 0,
d2u

dt2
= −g ,

u(0) = u0,
du

dt

∣∣∣∣
t=0

= v0.

I Then
du

dt
= −

∫ t

0
gds + v0 = −gt + v0.

I And

u(t) =

∫ t

0
(−gs + v0)ds + u0 = −1

2
gt2 + v0t + u0.

I Note: This is the formula for the height above the ground of an
object in free fall near the surface, where g is the acceleration due to
gravity (-9.8 meters per second on earth).
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Using Maxima

I Maxima commands to solve a first-order initial value problem:
I ode2(’diff(u,t)=sin(4*t), u, t)
I ic1(%, t=%pi, u=10)

I Maxima commands to solve a second-order initial value problem:
I ode2(’diff(u,t,2) = -g, u, t);
I ic2(%, t=0, u=u_0, ’diff(u,t)=v_0);

Dan Sloughter (Furman University) Mathematics 22: Lecture 3 January 9, 2008 6 / 14



Using Maxima

I Maxima commands to solve a first-order initial value problem:
I ode2(’diff(u,t)=sin(4*t), u, t)
I ic1(%, t=%pi, u=10)

I Maxima commands to solve a second-order initial value problem:
I ode2(’diff(u,t,2) = -g, u, t);
I ic2(%, t=0, u=u_0, ’diff(u,t)=v_0);

Dan Sloughter (Furman University) Mathematics 22: Lecture 3 January 9, 2008 6 / 14



Three more maxima commands

I To assign a value to a variable:
I a:4

I To define a function:
I f(x) := exp(-x^2)

I To define a domain for a variable:
I assume(t > 1)
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Newton’s second law

I If an object of mass m moves along a straight line, it’s position at
time t given by x(t), then

mẍ = F (t, x , ẋ),

where F is the force acting on the object (assumed to be a function
of time, position, and velocity).
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Free fall

I Suppose an object of mass m is thrown upward from an initial height
h with an initial velocity of v0.

I If x is the height of the object above the ground, then

mẍ = −mg ,

where g is the acceleration due to gravity.

I Hence, as we saw earlier,

x = −1

2
gt2 + v0t + h
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Viscous fluids

I Now suppose x(t) is the distance an object has fallen at time t if it is
dropped with an initial velocity v0 in a medium with a resistive force
proportional to the square of the object’s velocity.

I Then, for some constant a > 0,

mẍ = mg − aẋ2, x(0) = 0, ẋ(0) = v0.

I If we let v = ẋ , then we may rewrite this second-order equation as a
first-order equation:

v̇ = g − a

m
v2, v(0) = v0.
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mẍ = mg − aẋ2, x(0) = 0, ẋ(0) = v0.
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Viscous fluids (cont’d)

I Note: v̇ < 0 if and only if v >
√

mg
a and v̇ > 0 if and only if

v <
√

mg
a .

I Moreover, v ≡
√

mg
a is a constant solution to the equation.

I Note: The uniqueness result tells us the the graph of v can never

cross the horizontal line v =
√

mg
a .

I Consequence: Let vT =
√

mg
a . Then

I If v0 > vT , then v decreases toward vT .
I If v0 < vT , then v increases toward vT .
I If v0 = vT , then v(t) = vT for all t ≥ 0.

I We call vT the terminal velocity of the object and we call v ≡ vT an
equilibrium, or steady-state, solution.
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Spring-mass oscillators

I Consider an object of mass m attached to a wall via a spring.

I Let x(t) be the displacement of the object from equilibrium at time t,
with x > 0 when the spring is stretched.

I Hooke’s Law: The spring exerts a force Fs = −kx on the object.

I Damping: Suppose the frictional forces on the object are proportional
to velocity: Fr = −cẋ for some constant c > 0.

I Then
mẍ = Fr + Fs = −cẋ − kx .

I Hence if the object is released from rest at time t = 0 from position
x0, then

ẍ +
c

m
ẋ +

k

m
x = 0, x(0) = x0, ẋ(0) = 0.
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ẋ +

k

m
x = 0, x(0) = x0, ẋ(0) = 0.
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mẍ = Fr + Fs = −cẋ − kx .
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Motion of a pendulum

I Consider a pendulum of length l with a bob of mass m.

I Let θ(t) be the angle between the pendulum and the vertical at time
t.

I Conservation of energy: Sum of kinetic energy and potential energy is
a constant.

I Kinetic energy:

I Let s = lθ, the arc length measured from the vertical.
I Then the kinetic energy is 1

2mṡ2 = 1
2 l2θ̇2.

I Potential energy:

I Potential energy is mgh, where h is the height of the bob above it’s
lowest point.

I See Figure 1.8 on page 26: h = l − cos(θ)l = l(1− cos(θ)).
I So the potential energy is mgl(1− cos(θ)).
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Motion of a pendulum (cont’d)

I Thus we have, for some constant E ,

1

2
ml2θ̇2 + mgl(1− cos(θ)) = E .

I That is,
1

2
l θ̇2 + g(1− cos(θ)) =

E

ml
.

I Differentiating both sides with respect to t, we have

l θ̇θ̈ + g sin(θ)θ̇ = 0.

I Hence we have the equation for the motion of a pendulum:

θ̈ = −g

l
sin(θ).
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