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Constant-coefficient equations

I Consider the second-order, constant-coefficient, homogeneous, linear
equation

d2u

dt2
+ p

du

dt
+ qu = 0

I Educated guess: u(t) = eλt , λ a constant.

I Then
du

dt
= λeλt and

d2u

dt2
= λ2eλt ,

so we want

0 = λ2ert + pλeλt + qeλt = eλt(λ2 + pλ+ q).

I Since eλt 6= 0 for all t, we need λ2 + pλ+ q = 0.
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Characteristic equation

I We call λ2 + pλ+ q = 0 the characteristic equation of the differential
equation.

I Using the quadratic formula, the roots of the characteristic equation
are

λ =
−p ±

√
p2 − 4q

2
.
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Distinct real roots

I Suppose p2 − 4q > 0. Then

λ1 =
−p −

√
p2 − 4q

2
and λ2 =

−p +
√

p2 − 4q

2

are distinct real roots of λ2 + λp + q = 0.

I It follows that
u1(t) = eλ1t and u2(t) = eλ2t

are both solutions of the differential equation.
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Distinct real roots (cont’d)

I Since

W (t) =

∣∣∣∣ eλ1t eλ2t

λ1e
λ1t λ2e

λ2t

∣∣∣∣ = (λ2 − λ1)e(λ1+λ2)t ,

u1 and u2 are linearly independent provided λ1 6= λ2.

I Hence, if λ1 and λ2 are distinct real roots of the characteristic
equation, then

u(t) = c1e
λ1t + c2e

λ2t

is the general solution of the differential equation.
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Example

I Consider the equation

d2u

dt2
+

du

dt
− 6u = 0.

I Characteristic equation:

λ2 + λ− 6 = (λ+ 3)(λ− 2) = 0.

I General solution:
u(t) = c1e

−3t + c2e
2t .
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Example (cont’d)

I Suppose we also had initial conditions u(0) = 2 and u′(0) = 1.

I Then we need to find c1 and c2 such that

2 = c1 + c2

1 = −3c1 + 2c2.

I Hence c1 = 3
5 and c2 = 7

5 .

I So the desired particular solution is

u =
3

5
e−3t +

7

5
e2t .
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Double roots

I Consider again the second-order, constant-coefficient, homogeneous,
linear equation

d2u

dt2
+ p

du

dt
+ qu = 0

I If p2 − 4q = 0, then the characteristic equation has a single root

λ = −p

2
,

which gives us the single solution u1(t) = eλt .
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A second solution
I In this case, u2(t) = teλt is also a solution:

I We first note that

du2

dt
= λteλt + eλt =

(
1− p

2
t
)

e−
p
2 t

and
d2u2

dt2
= λ2teλt + λeλt + λeλt =

(
p2

4
t − p

)
e−

p
2 t .

I Hence

d2u2

dt2
+ p

du2

dt
+ qu2 =

(
p2

4
t − p + p − p2

2
t + qt

)
e−

p
2

=

(
q − p2

4

)
te−

p
2 t

= −
(

p2 − 4q

4

)
te

p
2 t

= 0.

Dan Sloughter (Furman University) Mathematics 22: Lecture 13 January 29, 2008 9 / 18



A second solution
I In this case, u2(t) = teλt is also a solution:

I We first note that

du2

dt
= λteλt + eλt =

(
1− p

2
t
)

e−
p
2 t

and
d2u2

dt2
= λ2teλt + λeλt + λeλt =

(
p2

4
t − p

)
e−

p
2 t .

I Hence

d2u2

dt2
+ p

du2

dt
+ qu2 =

(
p2

4
t − p + p − p2

2
t + qt

)
e−

p
2

=

(
q − p2

4

)
te−

p
2 t

= −
(

p2 − 4q

4

)
te

p
2 t

= 0.

Dan Sloughter (Furman University) Mathematics 22: Lecture 13 January 29, 2008 9 / 18



A second solution
I In this case, u2(t) = teλt is also a solution:

I We first note that

du2

dt
= λteλt + eλt =

(
1− p

2
t
)

e−
p
2 t

and
d2u2

dt2
= λ2teλt + λeλt + λeλt =

(
p2

4
t − p

)
e−

p
2 t .

I Hence

d2u2

dt2
+ p

du2

dt
+ qu2 =

(
p2

4
t − p + p − p2

2
t + qt

)
e−

p
2

=

(
q − p2

4

)
te−

p
2 t

= −
(

p2 − 4q

4

)
te

p
2 t

= 0.

Dan Sloughter (Furman University) Mathematics 22: Lecture 13 January 29, 2008 9 / 18



Independence

I Now

W (t) =

∣∣∣∣ eλt teλt

λeλt λteλt + eλt

∣∣∣∣
= ((λt + 1)− λt)e2λt

= e2λt .

I Hence u1 and u2 are linearly independent.

I Thus the general solution is u(t) = c1e
λt + c2te

λt .
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Example

I The characteristic equation of

d2u

dt2
− 4

du

dt
+ 4u = 0

is
0 = λ2 − 4λ+ 4 = (λ− 2)2.

I Hence the general solution is

u = c1e
2t + c2te

2t .
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Complex roots

I Suppose p2 − 4q < 0 and let

α = −p

2
and β =

√
4q − p2

2
.

I Then the roots of the characteristic equation are

λ1 = α + βi and λ2 = α− βi .

I So
z1(t) = eλ1t = e(α+βi)t = eαte iβt

and
z2(t) = eλ2t = e(α−βi)t = eαte−iβt

are solutions to the differential equation.
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Euler’s formula

I Euler showed that
e iθ = cos(θ) + i sin(θ).

I Proof:

e iθ =
∞∑

n=0

(iθ)n

n!

= 1 + θi − θ2

2
− θ3i

3!
+
θ4

4!
+
θ5i

5!
− θ6

6!
− θ7i

7!
+ · · ·

=

(
1− θ2

2
+
θ4

4!
− θ6

6!
+ · · ·

)
+ i

(
θ − θ3

3!
+
θ5

5!
− θ7

7!
+ · · ·

)
= cos(θ) + i sin(θ).
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Real solutions
I Hence

z1(t) = eαt(cos(βt) + i sin(βt))

and
z2(t) = eαt(cos(βt)− i sin(βt))

I Note: If f and g are real-valued functions and u(t) = f (t) + ig(t) is
a solution to

d2u

dt2
+ p

du

dt
+ qu = 0,

then both f and g are solutions to the equation.
I Hence

u1(t) = eαt cos(βt) and u2(t) = eαt sin(βt)

are solutions.
I Note: It may be shown that u1 and u2 are linearly independent.
I Hence the general solution is

u(t) = eαt(c1 cos(βt) + c2 sin(βt)).
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Alternative form

I Note:

c1 cos(βt) + c2 sin(βt)

=
√

c2
1 + c2

2

 c1√
c2
1 + c2

2

cos(βt) +
c2√

c2
1 + c2

2

sin(βt)


= A(cos(φ) cos(βt) + sin(φ) sin(βt))

= A cos(βt − φ),

where

A =
√

c2
1 + c2

2 and tan(φ) =
c2

c1
.

I Hence the general solution may be written as
u(t) = Aeαt cos(βt − φ).

I This is the phase-amplitude form of the general solution.
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Example
I The characteristic equation of the equation

d2u

dt2
+

du

dt
+ u = 0

is
λ2 + λ+ 1 = 0.

I Roots of the characteristic equation:

λ1 =
−1−

√
1− 4

2
= −1

2
−
√

3

2
i .

and

λ2 =
−1 +

√
1− 4

2
= −1

2
+

√
3

2
i .

I Hence the general solution is

u(t) = e−
t
2

(
c1 cos

(√
3

2
t

)
+ c2 sin

(√
3

2
t

))
.
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Example

I For a constant k > 0, consider the initial-value problem

d2u

dt2
= −k2u, u(0) = A, u′(0) = 0.

I Characteristic equation: λ2 + k2 = 0.

I Roots of the characteristic equation: λ1 = −ki and λ2 = ki .

I General solution: u(t) = c1 cos(kt) + c2 sin(kt)

I We need to find c1 and c2 such that

A = c1

0 = kc2.

I So the solution of the initial-value problem is

u(t) = A cos(kt).
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Example: motion of a pendulum

I Recall: The equation of motion for a pendulum is θ̈ = −g

l
sin(θ),

where l is the length of the pendulum and θ is the angle with the
vertical.

I Linearized equation: For small values of θ, θ̈ = −g

l
θ

I From the previous example, with initial conditions θ(0) = A and
θ̇(0) = 0,

θ = A cos

(√
g

l
t

)
.
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