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Constant-coefficient equations
equation

d2u+ du
a2 " Par

» Consider the second-order, constant-coefficient, homogeneous, linear
+qu=0
praaa
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Constant-coefficient equations

equation

» Consider the second-order, constant-coefficient, homogeneous, linear
d?u

224 == -0
gz TP 9
» Educated guess: u(t) = e, \ a constant.
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Constant-coefficient equations

» Consider the second-order, constant-coefficient, homogeneous, linear
equation
P 3 qu—o
i - U=
a2 " Par 79
» Educated guess: u(t) = e, X a constant.
» Then )
W\ and LY — 2t
dt dt? '
so we want

0= \2e + preM + ge’t = (A2 + pA + q).

o =3 E DA
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Constant-coefficient equations

» Consider the second-order, constant-coefficient, homogeneous, linear

equation
d’u i du n 0
J— J— u=
a2z " Par 9
» Educated guess: u(t) = e, X a constant.
> Then )
du At d°u 2 A\t
i et and ol Ace™t,
so we want

0= A2e + preM + ge’t = (A2 + pA + q).

> Since e £ 0 for all t, we need A% + pA + q = 0.
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Characteristic equation
equation.

» We call \?> 4 p\ + g = 0 the characteristic equation of the differential
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Characteristic equation

» We call A2 4 p)\ + g = 0 the characteristic equation of the differential
equation.

» Using the quadratic formula, the roots of the characteristic equation

are
\_ —PEVP —4q
5 .
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Distinct real roots

» Suppose p?> — 4q > 0. Then

p_ 2 _a
No— P 2p q

4, — PT VP —4q
2
are distinct real roots of A2 + A\p + q = 0.
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Distinct real roots

» Suppose p?> —4q > 0. Then

p— 2 _a
N = P VP4

_—Pt+VPP—4q
> and A\ = >

are distinct real roots of A2 + \p+ q = 0.
» It follows that

u(t) = eMt and wo(t) = et
are both solutions of the differential equation.
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Distinct real roots (cont'd)

» Since

At Aot
W(t) _ e e

)\16)‘1t >\2e)\2t

= ()\2 — Al)e(Al—HQ)t
uy and uy are linearly independent provided A1 # Ao.
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Distinct real roots (cont'd)

» Since

At Aot
W(t) _ e e

Ale)\lt )\2e)\2t

= (A = Ap)eltht,
uy and up are linearly independent provided A1 # Ao.
equation, then

> Hence, if A1 and )\, are distinct real roots of the characteristic

u(t) = creMt + et

is the general solution of the differential equation.
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Example

» Consider the equation
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Example

» Consider the equation

d?u n du 6
L 6u=
dt?2  dt
» Characteristic equation:

MiA-6=A+3)(A-2)=0
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Example

» Consider the equation

d?u n du 6
PR [ — u=
dt?2  dt
» Characteristic equation:

» General solution:

MPAEA-6=(A+3)(A-2)=0.
u(t) = cre 3t + e?t.
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Example (cont'd)

» Suppose we also had initial conditions u(0) =2 and v/(0) = 1.
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Example (cont'd)

» Suppose we also had initial conditions u(0) =2 and v/(0) = 1.
» Then we need to find ¢; and ¢ such that

2=c+0o

1= -3¢ +20c.
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Example (cont'd)

» Suppose we also had initial conditions u(0) =2 and v/(0) = 1.
» Then we need to find ¢; and ¢ such that

2=c+0o
1= -3¢ +20c.
» Hence ¢ = % and ¢ =

7
5
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Example (cont'd)

» Suppose we also had initial conditions u(0) =2 and v/(0) = 1.
» Then we need to find ¢; and ¢ such that

2=c+0o
1= -3¢ +20c.
» Hence ¢ = % and ¢ = %

» So the desired particular solution is

3

7
-3t 2t
u=—e >+ —e.
5 5

= =) E E 9ace
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Double roots

linear equation

d?u

» Consider again the second-order, constant-coefficient, homogeneous,
dr?

=0
+pdt+qu
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Double roots

» Consider again the second-order, constant-coefficient, homogeneous,
linear equation

d%u

dt2
> If p? —

+pdt+qu:0

g = 0, then the characteristic equation has a single root

which gives us the single solution u;(t)

= et
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A second solution

> In this case, up(t) = te
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A second solution

» In this case, up(t) = te

At
» We first note that

is also a solution:

d
ﬁ = \teM 4+ M = (1 gt) e 3t
and
d2U2
dt?

_ A2te)\t+Ae)\t+Ae)\t _ (
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A second solution

> In this case, up(t) = telt i

is also a solution:
» We first note that

du A P
a2yt At (1 P
g e +e >
and P )
U2 2, At At At _ (P
F = )\ te + /\e + /\e = <T
» Hence
d2U2

d
dt? + i

2
_ (P
Pdt+qU2—(4
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Independence

» Now

Dan Sloughter (Furman University)
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Independence

» Now

e)\t
W(t) =

- )\eAt

)\tekt _|__ e)\t
(At 4 1) — At)e*M

_ ot

» Hence vy and wy are linearly independent.
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Independence

» Now

e)\t
W(t) =

- )\eAt

)\tekt _|__ e)\t
(At 4 1) — At)e*M

_ ot

» Hence u; and wy are linearly independent.

» Thus the general solution is u(t) = cie™ + cotet.
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Example

» The characteristic equation of

d?u
is

du
dt?

—4— + 4y =
dt+u 0

0=X—4x+4=(\-2)>2
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Example

» The characteristic equation of

d?u
is

du
dt?

—4— + 4y =
dt+u 0

0=X—4x+4=(\-2)2
Hence the general solution is

u= c1e2t + c2te2t.
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Complex roots

» Suppose p?> — 4q < 0 and let

az—gandﬁz
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Complex roots

» Suppose p?> — 4q < 0 and let

p 4q — p?
a=—-and 8=
2 s 2
» Then the roots of the characteristic equation are

Alza—l—ﬂiand )\2:04—,81'.
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Complex roots

» Suppose p?> — 4q < 0 and let

4g — p2
a=—gandﬂ= a-P

2
» Then the roots of the characteristic equation are

>\1:Oz—|—ﬂiand )\2205—,81'.
» So

zl(t) _ e)‘lt _ e(a+ﬂi)t eateiﬁt
and

Z2(t) = e)\2t = e(o‘fﬁi)t — eOlteflﬂt
are solutions to the differential equation.
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Euler's formula

» Euler showed that
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Euler's formula

» Euler showed that

» Proof:

o3 0

n!
n=0

02 63
—140i- 2!

e’ = cos() + isin(6).

NN
2 3! 41 5! 6! 7!
02 0% 6° . 0 6
:<1—2+4!—6!+"'>+I<9—3!+5|—
= cos(f) + isin(0).
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Real solutions

» Hence

and
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2(t) = e**(cos(Bt) — isin(Ht))



Real solutions

> Hence
z1(t) = e**(cos(Bt) + isin(Gt))
and
2(t) = e**(cos(Bt) — isin(Ht))
» Note: If f and g are real-valued functions and u(t) = f(t) + ig(t) is
a solution to
@ + du +qu=20
a2 T Pgr TN

then both f and g are solutions to the equation.
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Real solutions

> Hence
z1(t) = e**(cos(Bt) + isin(Bt))
and
2(t) = e**(cos(Bt) — isin(Bt))
» Note: If f and g are real-valued functions and u(t) = f(t) + ig(t) is
a solution to

d?u n du . 0
PR _ u= R
a2 " Par 79

then both f and g are solutions to the equation.

> Hence
u1(t) = e* cos(Bt) and uo(t) = e*Fsin(3t)

are solutions.
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Real solutions

> Hence
z1(t) = e**(cos(Bt) + isin(Bt))
and
2(t) = e**(cos(Bt) — isin(Bt))
» Note: If f and g are real-valued functions and u(t) = f(t) + ig(t) is
a solution to

d?u n du . 0
PR _ u= R
a2 " Par 79

then both f and g are solutions to the equation.

» Hence
u(t) = e** cos(Bt) and up(t) = e**sin(5t)

are solutions.
» Note: It may be shown that u; and wuy are linearly independent.
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Real solutions
> Hence
z1(t) = e**(cos(Bt) + isin(Gt))
and
2(t) = e**(cos(Bt) — isin(Bt))
» Note: If f and g are real-valued functions and u(t) = f(t) + ig(t) is
a solution to

d?u N du . 0
PR _ u= R
a2 " Par 79

then both f and g are solutions to the equation.

» Hence
u(t) = e** cos(Bt) and up(t) = e**sin(5t)
are solutions.

» Note: It may be shown that u; and w» are linearly independent.
» Hence the general solution is

u(t) = e**(cy cos(Bt) + casin(Bt)).
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Alternative form

> Note:
c1 cos(t) + o sin(Bt)
=4/ + 3 | ———= cos(ft) + ———sin(Bt)
' ’ \J e+ c3 \J e+ 3
= A(cos(¢) cos(Bt) + sin(¢) sin(St))
= Acos(ft — ¢)
where

A=/c?+ ¢ and tan(¢)

(&)

a
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Alternative form

> Note:
c1 cos(t) + o sin(Bt)
=1/c2 + 3 | ———= cos(ft) + ——=—=rsin(Bt)
Vg +a Vg +a
= A(cos(¢) cos(5t) + sin(¢) sin(5t))
— Acos(Bt - ¢),
where

A=/c? + ¢ and tan(¢) e

a
» Hence the general solution may be written as
u(t) =

Ae®t cos(fBt — ¢).
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Alternative form

» Note:

c1 cos(t) + o sin(Bt)

————cos(ft) +

—————sin(ft)

=4/c2+c3
\/cl-i-c2

= A(cos(¢) cos(5t) + sin(¢) sin(5t))
— Acos(Bt - ¢),

A=/c?+cZ and tan(¢) = %
1

» Hence the general solution may be written as
u(t) = Ae“t cos(fBt — ¢).

» This is the phase-amplitude form of the general solution.

\/cl-i-c2

where
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Example

» The characteristic equation of the equation

d2u+du U0
a2 dt a
A+ A+1=0.
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Example

» The characteristic equation of the equation

d?u n du
dt?
is

dt+u:0

MEA+1=0.
» Roots of the characteristic equation:

-1-y1-4 1 V3.
A = = - - =i
2 2
and
1414 1 V3.
)\2:#:_54‘71.
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Example

» The characteristic equation of the equation

u + du+u—0
a2  dt a
is

MEA+1=0.
» Roots of the characteristic equation:

11— yi—4
Alz—:

2
and

\ —1+V1-4 1 V3
2:—:

5 _
» Hence the general solution is

2 Tk

_t V3 . (V3
u(t)y=e 2| ccos|——t|+csin|——t .
2 2
o & = A

it
D



Example

dr?

» For a constant k > 0, consider the initial-value problem
d’u
—Kk%u,

u(0) = A,

u'(0) =

=0.
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Example

d?u

_ 2
gz =R

» For a constant k > 0, consider the initial-value problem
u(0) = A,
» Characteristic equation: A% + k% = 0.

J'(0) = 0.
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Example

d?u
dt?

» For a constant k > 0, consider the initial-value problem

= —k%u, u(0)=A, u'(0)=0.
» Characteristic equation: A% + k% = 0.
» Roots of the characteristic equation: A\; = —ki and \» = ki.
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Example

d?u
dt?

» For a constant k > 0, consider the initial-value problem

= —k%u, u(0)=A, u'(0)=0.
» Characteristic equation: A% + k% = 0.
» Roots of the characteristic equation: A\; = —ki and Ay = ki.

» General solution: u(t) = ¢ cos(kt) + ¢z sin(kt)

= =) E E 9ace
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Example

» For a constant k > 0, consider the initial-value problem

d?u

ol —k2u, u(0)=A, J(0)=0.

» Characteristic equation: A% + k% = 0.

» Roots of the characteristic equation: A\; = —ki and Ay = ki.
» General solution: u(t) = c; cos(kt) + ¢y sin(kt)

» We need to find ¢; and ¢ such that

A:C1
OZkC2.
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Example
» For a constant k > 0, consider the initial-value problem

d?u

ol —k2u, u(0)=A, J(0)=0.

» Characteristic equation: A% + k% = 0.
» Roots of the characteristic equation: A\; = —ki and Ay = ki.
» General solution: u(t) = c; cos(kt) + ¢y sin(kt)
» We need to find ¢; and ¢ such that
A= C1
0= kC2.

» So the solution of the initial-value problem is

u(t) = Acos(kt).
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Example: motion of a pendulum

» Recall: The equation of motion for a pendulum is § = —Z sin(6),
vertical.

where [ is the length of the pendulum and 6 is the angle with the
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Example: motion of a pendulum

» Recall: The equation of motion for a pendulum is § = —gsin(6’),
where [ is the length of the pendulum and 0 is the angle with the
vertical.

» Linearized equation: For small values of 6, 6 = —%9

] = =
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Example: motion of a pendulum

» Recall: The equation of motion for a pendulum is § = —gsin(H),
where [ is the length of the pendulum and 0 is the angle with the
vertical.

» Linearized equation: For small values of 6§, § = —%9

» From the previous example, with initial conditions 6(0) = A and

| 0= acos ([52).

6(0) =0,
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