Lecture 5: Lines and Planes

5.1 Lines in R"

Definition Given vectors p and v in R", with v # 0, the set of all vectors x satisfying
X =p+iv,
—00 < t < 00, is called a line.

If p=(p1,p2,---,Pn), v.= (v1,02,...,0,), and x = (z1,22,...,%,), then the vector
equation
X=p-+iv

is equivalent to the parametric equations

r1 = p1 + vit,
T2 = p2 + vat,
Ty = Pn + Unt.

Example Let L be the line through the points p = (1,2,1) and q = (—1,4,4) in R?. If
we let
v=q—-—p= <_25273)7

then L has vector equation
x=(1,2,1) +t(-2,2,3)

and parametric equations

r=1-—2t,
Yy =2+ 2t
z =14 3t.

Definition We say lines L; and L, with vector equations x = p; +tvy; and x = py+tvo
are parallel if vi and va are parallel.

5.2 Lines in R?

Suppose L is a line in the plane with parametric equations

r=a«a+ ft,
y =7+ dt.
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Multiplying the first equation by § and the second by 3, we have

oxr = ad + [ot,
By = By + Bot.

Subtracting the second from the first gives us
ox — Py = ad — (.
If welet a =46, b= —p0, and ¢ = By — ad, then we have
axr + by +c =0,

a familiar form for the equation of a line in R?, which we call the scalar form of the equation
of L. Now let n = (a,b) and suppose (zg,yo) is a point on L. Then ¢ = —azo — byg, so we
may rewrite the previous equation as

n'(%?J)_n'(iUano) :07

or, equivalently,
n-(r—x9,y—1yo) =0.

Hence, geometrically, we may think of L as the set of all points (x,y) in the plane such
that the vector from (x,y) to (xg,¥yo) is orthogonal to n.

Example Suppose
dr —3y+1=0

is a scalar equation for the line L in R?. Let n = (4,—3) and p = (—1,—1). Then p is a
point on L, n is a normal vector for L, and we could write the scalar equation for L as

(4,-3) - (z+1,y+1)=0.

5.3 Planes in R"

Definition Given vectors p, v, and w in R", with v # 0, w # 0, and v and w not
parallel, the set of all points x satisfying

X=p+iv+ sw,
—00 <t <00, —o0 < s <00, is called a plane.
Ifp=(p1,p2,---yPn), V= (01,02,...,05), W = (w1, ws,...,wy,), and X = (z1,T2,...,Tp),

then the vector equation
X=p+iv+sw
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is equivalent to the parametric equations

r1 = p1 +vit + wys,

To = P2 + ’UQt + wa S,

Ty = Pn + Unt + wysS.

Example Let P be the plane in R* through the points p = (1,1,2), q = (2, -2, 3), and
r=(—2,3,4). If we let
v=q—-—p= (17_371)

and
W=r—p= (_37272)7

then P has vector equation
x=(1,1,2) +t(1,-3,1) + s(—3,2,2)

and parametric equations

r=14+1-—3s,
y=1—3t+ 2s,
z2=2+t+2s.

5.4 Planes in R>

Given parametric equations for a plane P in R®, we could eliminate, in a manner similar
to what we did for lines in R?, the ¢ and s variables and arrive at a single scalar equation
for P. That is, for appropriate scalars a, b, c,and d, we may view P as the set of all points
(z,y, z) satisfying

ax +by+cz+d=0.

Moreover, if n = (a,b,c¢) and p = (x, Yo, 20) is a point on P, then we may rewrite the
scalar equation as

or, equivalently,
(a,b,c) ’ (x_x07y_y07z —Zo) =0.
That is, P is the set of all points x such that n is orthogonal to x — p.

Example As in the previous example, let P be the plane in R® through the points
p=(1,1,2),q=1(2,-2,3), and r = (—2,3,4). If we let

V:q_p:(]-?_ga]-)
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and
w=r—p=(-3,2,2),

then
n=vxw= (-8 -5 -7)

is a normal vector for P. Hence a scalar equation for P is given by
(=8, —=5,-7)-(r—1,y—1,2—2) =0,

or, equivalently,
8xr 4+ by + 7z — 27 =0.

Definition Suppose P and @ are planes in R?® with scalar equations
n-(x—p)=0

and
m-(x—q) =0,

where n and m have been chosen so that n-m > 0. We call the smallest positive angle
between n and m the angle between P and Q).

Example Let 6 be the angle between the planes P and () with equations
3r—4y+2z=14

and
r+y—z=1

Let n = (3,—4,2) and m = (—1,—1,1). Then

6 = cos™* (J%ﬁ) = cos ! ( 2—39) = 1.2433,

where the final result has been rounded to 4 decimal places.

Let P be a plane with scalar equation ax + by + ¢z +d = 0 and let q be point in R*. Let
p be a point on P and let n = (a, b, ¢) be a normal vector for P. If D is the distance from
q to P, then

D = |proj,(q — p)|

n
=(a—p) 7
‘ 0
_|la-n—p-n|

|
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Now p - n = —d, so, if we let q = (x1, 22, x3), we have

. ‘CL.’L’l + by1 +cz1 + d|

D
Va2 + b2 + 2

Example The distance D from the plane with equation z + y + 2z = 1 to the point
(2,2,2) is
D 2+2+2-1 5
V3 V3
Example A similar formula works for finding the distance from a point in the plane to
a line. For example, the distance D from the point (2,3) to the line 2z +y —4 =0 is

p_ 434 3
V5 V5



