Lecture 15: The Gradient

15.1 Directional derivatives revisited

Recall: If f : R™ — R and u is a unit vector, then the directional derivative of f at a in

the direction of u is £( hu) — f(a)
_ a+hu)—ja
Dyuf(a) = lim h ’

provided the limit exists. Now if we define g : R — R by

g9(t) = f(a+tu),

e () -9 _ . fathw - fa
oy e 9(R) —g(0) . fla+hu) - f(a
R Duf (@)
Moreover, by the chain rule, we have
9'(0)=Vf(a)-u
Hence we have the following theorem.
Theorem If f is differentiable at a and u is unit vector, then
Duf(a) = V/(a) - u.
Example Let f(z,y) =4 — 2% — 32, Then
Vf(!lf, y) = (-2%‘, _2y)
If
W= (1,—1)
\/i Y )
then . 4
Duf(1,1) =Vf(1,1) - u=(-2,-2) —(-1,-1) = — = 2V/2,
fL,1) =Vf(1,1) ( ) \/i( ) 7

a result we found earlier by a direct computation. Note that

Douf(1,1) = VF(1,1) - (—0) = —(V£(1,1) - 1) = —Duf(1,1) = —2v2.

Note that the final calculation in the example holds in general:

D_f(a) = —Duf(a).
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15.2 Direction of maximum increase

If f:R™ — R is differentiable at a and u is a unit vector, then
|Duf(a)| = |Vf(a) -ul < |Vf(a)lul =[Vf(a)l,

with equality if and only if u and V f(a) are parallel. Hence D, f(a) attains a maximum
value of |V f(a)| when

1
RTEVACA
and D, f(a) attains a minimum value of —|V f(a)| when
u= - Vf(a)
V()] '

Example A metal plate is heated so that its temperature at a point (z,y) is given by

T(z,y) = 100z2e~ 20 +v7),

Then
%T(az, y) = —10z3e~ 2@+ 4 200z~ 20 @ HY7) = 10620 (97 (20 — 22)
and
[%T(:E, y) = —109623/6_%(‘”24'92).
Thus

L

VT(z,y) = 10ze~ 2@+ (20 — 22, —ay).

Hence, for example, )
VT(1,2) =10e™4(19, —2).

If we let .

u=—(19,-2),

Vaos 92
then, from the point (1,2), the temperature is increasing most rapidly in the direction of
u and is decreasing most rapidly in the direction of —u. Moreover, the rate of increase in
the direction of u is
1
VT (1,2)] = 10V365e™ % =~ 148.79;

the rate of increase in the direction of —u is

—|VT(1,2)| = —10v/365¢ 7 ~ —148.79.
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15.3 The gradient and level sets

Suppose f : R"™ — R is differentiable at a, let ¢ = f(a), and let L be the level set of all
points in R" satisfying f(x) = c¢. If ¢ : R — R" parametrizes a curve C' which lies entirely
in L with ¢(tg) = a, then f(¢(t)) = ¢ for all t. Hence

d
0= 2 f(p() = V(et) - &'(t)
for all . In particular,
V() ¢'(to) = 0.
Since o was arbitrary, this says that V f(a) is orthogonal to any vector which is tangent to
L at a. In particular, for n = 2, V f(a) is orthogonal to the line tangent to the level curve

through a, and, for n = 3, Vf(a)is orthogonal to the plane tangent to the level surface
through a.

Example Let F be the ellipse with equation
z? + 4y* = 16.
Then F is a level curve of the function
fla,y) = 2® + 4y°.
To find an equation of the line tangent to E at (2,+/3), we find that
Vi(z,y) = (2z,8y)
and
V£(2,V3) = (4,8V3).
Since V f(2,+/3) is orthogonal to the tangent line at (2,/3), an equation for the tangent
line is given by
(4,8V3) - (x — 2,y —V3) =0,
Expanding, we see that
4z + 83y = 32

is an equation for the line tangent to E at (2,/3).

Ellipse with tangent line
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Example Let E be the ellipsoid with equation
2+ 2y% + 427 = 21.
Then F is a level surface of the function
fx,y) = 2% + 2% + 422
To find an equation of the plane tangent to E at (3,2,1), we find that
Vi(z,y,z) = (2x,4y,8z2)

and
Vf(3,2,1) = (6,8,8).

Since V f(3,2,1) is orthogonal to the tangent plane at (3,2,1), an equation for the tangent
plane is given by
(6,8,8)-(x—3,y—2,2—1)=0.

Expanding, we see that
6x + 8y + 8z = 42,

or, equivalently,
3r + 4y 4+ 4z = 21,

is an equation for the plane tangent to E at (3,2, 1).

Ellipsoid with tangent plane
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15.4 Plotting vector fields

15-5

Because of the properties of the gradient vector discussed above, a plot of the gradient

vectors on a lattice of points can be very helpful in visualizing a function.

Example Here is a plot of the surface

T(z,y) = 10022~ 20 (@*+v%) .
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Graph of T'(x,y) = 10022¢~ 20 (" +v°)

and here is the corresponding plot of gradient vectors:

LU U U R A 2 o T NN U B AN S
LR U T Y S L U B A A 2
NN T T A O T
R SR N A ‘gl Y v e
SN NNy Gy s
R e ey =
-10 . oA oo . 10
S I B N P & B VR U
S [N 25 B U
v ¢ 4 4 ) \-‘ v 4 4 v [
¢ <« ( 4 A y v v 4 A [ A S NS
¢ ¢ & v~ L I R U NN
¢ ¢« « 1 a0, 000y v

Gradient vector field of T'(z,y) = 10022~ 30 (@7 +¥?)



