Lecture 11: Limits and Continuity

11.1 Limits

Definition Suppose f : R" — R. We say the limit of f(x) as x approaches a is L,
denoted lim f(x) = L, if for every € > 0 there exists § > 0 such that

[f(x) = L] <€

whenever
0<|x—al<d.

Proposition If lim f(x) = L, lim f(x) = M, and c is a scalar, then

X—a

lim cf(x) = cL,

X—a

lim (f(x) + g(x)) = L+ M,

lim (£(x) — g(x)) = L — M,
lim f(x)g(x) = LM,
ig% = %, provided M # 0,

and
lim (f(x))¢ = L.

X—a

Example If f(z,y,z) = z, then we should have

flz,y,2) = 1.

lim
(z7y’z)_>(1’273)

To verify this, we need to show that for any € > 0 there exists a 6 > 0 such that |z — 1] <€

whenever
|((L’, Y, Z) - (17 27 3)| < 0.

Now

(,y,2) = (1,2,3)] = V(2 = 1)2 + (y =22 + (2 = 3)2 > |z — 1.

Hence |z — 1| < € whenever
|(x7ya Z) - (1,2,3)| < €.

That is, we may take § = e.
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In general, if f(x1,2z9,...,2,) =2k, k=1,2,...,n, and a = (ay1,as9,...,a,), then
lim f(z1,29,...,2,) = ak.
X—a

Also note that for any scalar ¢ and vector a in R",

lim ¢ = c.
X—a
A function of the form
_ my Mo m
flxi, e, ) = cx{ay? - xim,
where c¢ is any scalar and mq, ms, ..., m, are nonnegative integers, is called a monomial.

A polynomial is a sum of monomials and a rational function is a ratio of polynomials.

Proposition If f:R"™ — R is a rational function, then for any a in the domain of f,

lim f(x) = f(a).

X—a

22y —4dry  18-24 6 3

E 1 I _ __6_ 3
xampie o s2) 16z —4y | 48 —8 0 20

Recall that for a function f: R — R,

lim f(z) =L
if and only if
lim f(x) =L and 1im+ f(z) = L.
Similarly, for a function f : R™ — R we have the following: Suppose ¢ : R — R" and
a: R — R" parametrize curves in R" with

li =
lim o(t) = a
and

%im at) = a.
If

lim f(p(t)) # lim f(a(t)),

t—b t—c

then lim f(x) does not exist.
X—a
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Example Suppose

2 2
T~ =y
T,Y) = —5—.
flay) = Y
Then
x? ]
li = lim — =
<x,y>1—rgo,o> f(z.y) 200 2
y=0
and
_yQ
li = lim &4 = -1
(o) (0.0) f(@.y) 220 y? ’
x=0
SO ) )
= —Yy

im =
(2,9)—(0,0) 2 + Y2

does not exist.

22 — g2
Graph of JY) = ———
raph o f(il? y) 332—|—y2
Example For
)
f(x7y) - 332 + yg
we have 0
]_' = 1i —_— =
(z,y)lH%O,O) f(x7 y) .%'Er%) ,CE2 0
y=0
and

0
li =lim <=0
Mfgm f(z,y) ) y? ’
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which does not help determine whether or not the limit exists. However,

lm  flry) = lm o = ]
11m = l1m = —
@to | DY) T 2¢2 2’

=y
SO T
lim Y
(z,9)—(0,0) 2 + Y2

does not exist.

e

.
<2 <2 <2
SR

Example For
2

_ vy
f(xay) - 41:2 +y4
we have 0
i = lim — =
(@) 0.0) f@y) 200 A2 0
y=0
and 0
e ) S (@00) = limy i 0
x=0
Indeed, for any real number m,
2,3 2
mex mex 0
li =lm-——=llm —— = - =0.
<z,y>1£I}0,0> f(z,y) 250 422 + mixd P 4+miz?2 4 0

y=maex
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Hence the limit of f(z,y) as (x,y) approaches 0 along any line through the origin is 0.
However,
4
: .y 1
1 — lim 2 ==
(aw)l—r»réom f(@.y) 200 5yt 5’
=y

and so
xy?

li St
(29)—(0,0) 42% + /3

does not exist.

Ty
Graph of f(l', y) = m

It is sometimes useful in evaluating limits to make use of the fact that for any x =
(l‘l, Loy ... ,.Cl?n) in Rn,

x| = /2t + @5+ af > 7R =
forany k=1,2,...,n.
Example Consider ,
f(z,y) xf +yy2
Let x = (x,y). Then
2 2
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Now
lim xl= lim a22+4+9y2=0,
(z,y)—(0,0) x (x,y)—(0,0) Y
so we must have
2y

lim —2
(z,9)—(0,0) 22 + Y2

11.2 Continuity

Definition We say a function f : R" — R is continuous at a point a if lim f(x) = f(a).
X—a

The following propositions follow directly from the similar proposition concerning limits.

Proposition If f:R" — R and g : R" — R are continuous at a and c is a scalar, then
the functions which take the following values at x are also continuous at a:

f(x) +9(x),

f(x) = 9(x),
cf (x),
fx)g(x),

, provided g(a) # 0,

=
XS

=2
2
N~—
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and
f(x)°.

Moreover, if ¢ : R — R is continuous at f(a), then ¢ o f is continuous at a.

Proposition If f: R" — R is a rational function, then f is continuous at every point
in its domain.

Example The function

f(2,y,2) = sin(m/2? + g2 + %)

is continuous at every point in R®. We also phrase this by saying f is continuous on R®.
For example, this means that

sin(my/22 + y? 4 22) = sin(rv1 +4+4) = sin(37) = 0.

lim
(z,y,2)—(1,2,2)



