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Carl Friedrich Gauss

> 1777 - 1855

» Motto: “Pauca sed matura”
» His results include:

» Fundamental Theorem of Algebra: Every polynomial equation
numbers.

anX" + ap_1x" 144 ax+ag=0

of degree n has exactly (counting repetitions) n solutions in complex
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Carl Friedrich Gauss

» 1777 - 1855
» Motto: “Pauca sed matura”
» His results include:

» Fundamental Theorem of Algebra: Every polynomial equation
apx" 4+ ap_1x" 14+ dax+a =0

of degree n has exactly (counting repetitions) n solutions in complex
numbers.

» Construction of the regular 17-gon by ruler and compass
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Carl Friedrich Gauss

> 1777 - 1855
» Motto: “Pauca sed matura”
» His results include:

» Fundamental Theorem of Algebra: Every polynomial equation
apx" 4+ ap_1x" 14+ dax+a =0

of degree n has exactly (counting repetitions) n solutions in complex
numbers.

» Construction of the regular 17-gon by ruler and compass

> Plotted the orbit of the asteroid Ceres
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Carl Friedrich Gauss

> 1777 - 1855
» Motto: “Pauca sed matura”
» His results include:

» Fundamental Theorem of Algebra: Every polynomial equation
apx" 4+ ap_1x" 14+ dax+a =0

of degree n has exactly (counting repetitions) n solutions in complex
numbers.

» Construction of the regular 17-gon by ruler and compass
> Plotted the orbit of the asteroid Ceres

» Created a non-Euclidean geometry, although he never publicly
discussed it
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A sum
> At an early age, Gauss amazed his teachers by quickly computing

1+2+3+4+5+---+100 = 5050.
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A sum

> At an early age, Gauss amazed his teachers by quickly computing

1+24+3+4+5+---+ 100 = 5050.
» Gauss had noticed that:

1 2 3 100
100 99 98 1
Total 101 101 101

... 101
Hence summing the final row, 100 x 101, yields twice the sum of
1,2,3,...,100.
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A sum

> At an early age, Gauss amazed his teachers by quickly computing

1+2+3+4+5+---+100 = 5050.

» Gauss had noticed that:

1 2 3 ... 100
100 99 98 .- 1
Total 101 101 101 --- 101
Hence summing the final row, 100 x 101, yields twice the sum of
1,2,3,...,100.
n(n+1)

» More generally: 1 +2+3+---+n= =5,
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Prime numbers
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» A prime number is an integer greater than 1 which is divisible only by
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Prime numbers

itself and 1.

» A prime number is an integer greater than 1 which is divisible only by

., Ps-

» Euclid proved that there are an infinite number of prime numbers:
» Suppose there are only a finite number of prime numbers, say p;, pa,
p3. .
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Prime numbers

» A prime number is an integer greater than 1 which is divisible only by
itself and 1.
» Euclid proved that there are an infinite number of prime numbers:
> Suppose there are only a finite number of prime numbers, say p;, pa,

D3y ..y Ps.
> Let N=pipo---ps + 1.
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Prime numbers

» A prime number is an integer greater than 1 which is divisible only by
itself and 1.
» Euclid proved that there are an infinite number of prime numbers:
> Suppose there are only a finite number of prime numbers, say p;, pa,

P3, ..., Ps.
> Let N=pipo---ps+ 1.
» Then N is not divisible by any of p1, p2, p3, ..., ps (since division by

any one of them leaves a remainder of 1).
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Prime numbers

> A prime number is an integer greater than 1 which is divisible only by
itself and 1.

» Euclid proved that there are an infinite number of prime numbers:

> Suppose there are only a finite number of prime numbers, say p;, pa,

P3. .-y Ps
> Let N=pipo---ps+ 1.
» Then N is not divisible by any of p1, p2, ps, ..., ps (since division by

any one of them leaves a remainder of 1).
» Hence N must be prime, contradicting the assumption that p;, p2, ps3,
.., ps was supposed to list all primes.
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Prime numbers

> A prime number is an integer greater than 1 which is divisible only by
itself and 1.

» Euclid proved that there are an infinite number of prime numbers:

> Suppose there are only a finite number of prime numbers, say p;, pa,

P3, ..., Ps.
> Let N=pipo---ps+ 1.
» Then N is not divisible by any of p1, p2, ps, ..., ps (since division by

any one of them leaves a remainder of 1).
» Hence N must be prime, contradicting the assumption that p1, p2, ps,
., ps was supposed to list all primes.

» We can still ask: how plentiful are the prime numbers? That is, how
many prime numbers are there less than a given number?
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Logarithms
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Logarithms

» Given positive numbers a and b, we say log,(a) = c if b° = a.
» Example: log;((100) = 2.
» Example: log, (%) = -2

» We call log,(x), typically written simply log(x) or In(x), the natural
logarithm function.
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Logarithms

Given positive numbers a and b, we say log,(a) = c if b° = a.
Example: log;(100) = 2.
Example: log, (%) = -2

vV v . vY

We call log,(x), typically written simply log(x) or In(x), the natural
logarithm function.

v

Note: e is an irrational number which begins e = 2.71828.... ..
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The prime number theorem

» Gauss realized early in his career that

log(x)

X~ gives a very good
approximation to the number of prime numbers less than x.
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The prime number theorem

: - .
> Gauss realized early in his career that Tog(x) Gives a very good

approximation to the number of prime numbers less than x.

» Example: % = 38,102.9, whereas the actual number of

primes less than 500, 000 is 41, 538.
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The prime number theorem

: - .
> Gauss realized early in his career that Tog(x) Gives a very good

approximation to the number of prime numbers less than x.

» Example: % = 38,102.9, whereas the actual number of

primes less than 500, 000 is 41,538.

» Gauss conjectured that

_x
lim . log(x) =
x—oo # of primes less than x

but was unable to prove it.
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The prime number theorem

: - .
> Gauss realized early in his career that Tog(x) Gives a very good

approximation to the number of prime numbers less than x.

» Example: % = 38,102.9, whereas the actual number of

primes less than 500, 000 is 41,538.
> Gauss conjectured that
X
log(x)

lim =1
x—oo # of primes less than x

i

but was unable to prove it.

» The result, known as the prime number theorem was eventually
proved by Jacques Hadamard (1865 - 1963) and Charles de la Vallée
Poussin (1866 - 1962).
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Pierre de Fermat

> 1601 - 1655

» Lawyer and government official, but preoccupied with mathematics

» Began the mathematical study of probability in an exchange of letters
with Blaise Pascal (1623 - 1662)
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Pierre de Fermat

» 1601 - 1655
» Lawyer and government official, but preoccupied with mathematics

> Began the mathematical study of probability in an exchange of letters
with Blaise Pascal (1623 - 1662)

» Discovered many results which anticipated the techniques of calculus
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Fermat primes

» Fermat conjectured that all numbers of the form F, = 22" 4+ 1 are

prime.

» He was right for the first 4: F; =22 4+1=5, [, =2*41=17,
F3 =28 +1 =257, and F4 = 2'° + 1 = 65,537 are all prime.

] = =
Dan Sloughter (Furman University) Some Arithmetic



Fermat primes

» Fermat conjectured that all numbers of the form F, = 22" 4+ 1 are
prime.

> He was right for the first 4: F; =22 4+1=5, [, =2*4+1=17,
F3 =28 +1 =257, and F3 = 21 + 1 = 65,537 are all prime.
» Leonhard Euler (1707 - 1783), in 1732, showed that

Fs =232 4+ 1 =4,294 967,297 = 641 x 6,700, 417.
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Fermat primes

» Fermat conjectured that all numbers of the form F, = 22" 4+ 1 are
prime.

> He was right for the first 4: F; =22 4+1=5, [, =2*4+1=17,
F3 =28 +1 =257, and F4 = 2'° + 1 = 65,537 are all prime.

» Leonhard Euler (1707 - 1783), in 1732, showed that

Fs =232 4+ 1 =4,294,967,297 = 641 x 6,700, 417.

» To date, F; is the last know Fermat prime.
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Fermat primes

» Fermat conjectured that all numbers of the form F, = 22" 4+ 1 are
prime.

> He was right for the first 4: F; =22 4+1=5, [, =2*4+1=17,
F3 =28 +1 =257, and F4 = 2'° + 1 = 65,537 are all prime.

» Leonhard Euler (1707 - 1783), in 1732, showed that

Fs =232 4+ 1 =4,294,967,297 = 641 x 6,700, 417.

» To date, F4 is the last know Fermat prime.

» Gauss showed that a regular N-gon is constructable by compass and
straightedge if and only if N is the product of a power of 2 and
distinct Fermat primes.
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Mersenne primes

» Marin Mersenne (1588 - 1648) conjectured that M, =2P — 1 is a
prime when

p=23,57,13,17,19,31,67, 127, 257.
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Mersenne primes

» Marin Mersenne (1588 - 1648) conjectured that M, =2P — 1 is a
prime when

p=23,57,13,17,19,31,67,127, 257.

» Note: it is not hard to show that M, is never a prime when p is not a
prime. Indeed,

onm _ {1 — (2m o 1)(1 + om NI 2(n—1)m)
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Mersenne primes

» Marin Mersenne (1588 - 1648) conjectured that M, =2P — 1 is a
prime when

p=23,57,13,17,19,31,67,127, 257.

» Note: it is not hard to show that M, is never a prime when p is not a
prime. Indeed,

2" 1 =(2"—1)(1 42"+ + 2(n—1)m)
» For example,
63=201=2@00) 1 (23 _1)(1+23)=7x9,
or

63=2°0—1=200) 1= (22 -1)(14+2%+2%) =3 x21.
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Mersenne primes (cont'd)

Mio7.

» Mersenne was wrong about Me7 and Mbas7, and missed Mg1, Mgg, and
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Mersenne primes (cont'd)

Mio7.

» Mersenne was wrong about M7 and Mbas7, and missed Me1, Mgg, and

» Open question: are there an infinite number of Mersenne Primes?
(See http://www.mersenne.org/ for the latest.)
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» A perfect number is a positive integer which is the sum of its proper
» Example: 6 is perfect since 6 =1+ 2 4 3.
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Perfect numbers

» A perfect number is a positive integer which is the sum of its proper

divisors.

» Example: 6 is perfect since 6 =1+ 2 + 3.
» Example: 28 is perfect since 28 =1+2+4+4+7 + 14.
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Perfect numbers

» A perfect number is a positive integer which is the sum of its proper
divisors.

» Example: 6 is perfect since 6 =1+ 2 + 3.
» Example: 28 is perfect since 28 =1+2+4+4+7 + 14.
» Example 10 is not perfect since 10 21+ 2 + 5.

o =3 = E DA
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Perfect numbers

v

A perfect number is a positive integer which is the sum of its proper
divisors.

Example: 6 is perfect since 6 =1+ 2 + 3.
Example: 28 is perfect since 28 =1+2+4+4+7 + 14.
Example 10 is not perfect since 10 # 1+ 2+ 5.

vV v v VY

Euclid showed that every number of the form 27(2"+1 — 1) is perfect
if 271 — 1 is a prime (that is, a Mersenne prime). Euler showed that
these were the only even perfect numbers.
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Perfect numbers

v

A perfect number is a positive integer which is the sum of its proper
divisors.

Example: 6 is perfect since 6 =1+ 2 + 3.
Example: 28 is perfect since 28 =142+ 4+ 7 + 14.
Example 10 is not perfect since 10 # 1+ 2 + 5.

vV v v VY

Euclid showed that every number of the form 27(2"+1 — 1) is perfect
if 271 — 1 is a prime (that is, a Mersenne prime). Euler showed that
these were the only even perfect numbers.

» Open questions:
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Perfect numbers

v

A perfect number is a positive integer which is the sum of its proper
divisors.

Example: 6 is perfect since 6 =1+ 2 + 3.
Example: 28 is perfect since 28 =142+ 4+ 7 + 14.
Example 10 is not perfect since 10 # 1+ 2 + 5.

vV v v VY

Euclid showed that every number of the form 27(2"+1 — 1) is perfect
if 271 — 1 is a prime (that is, a Mersenne prime). Euler showed that
these were the only even perfect numbers.

» Open questions:

> Are there any odd perfect numbers?
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Perfect numbers

v

A perfect number is a positive integer which is the sum of its proper
divisors.

Example: 6 is perfect since 6 =1+ 2 + 3.
Example: 28 is perfect since 28 =142+ 4+ 7 + 14.
Example 10 is not perfect since 10 # 1+ 2 + 5.

vV v v VY

Euclid showed that every number of the form 27(2"+1 — 1) is perfect
if 271 — 1 is a prime (that is, a Mersenne prime). Euler showed that
these were the only even perfect numbers.

» Open questions:

> Are there any odd perfect numbers?
» Are there an infinite number of perfect numbers?

Dan Sloughter (Furman University) Some Arithmetic September 24, 2006 11 /12



Problems

1. Evaluate 1+2+3+4+---+ 1000.

2. Evaluate
a. log;(9)
b. log,(64)

c. logy (135)

3. Approximately how many primes are there less than 1,000, 0007
4. Factor 219 — 1 and 212 — 1.

5. Use the Mersenne prime Ms to find a perfect number.
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