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Linear approximations

» If f is differentiable at a, we call the function

the linearization of f at a.

L(x) = f'(a)(x — a) + f(a)
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Linear approximations

» If f is differentiable at a, we call the function

L(x) = f'(a)(x — a) + f(a)

the linearization of f at a.

» That is, L is the function whose graph is the line tangent to the graph
of f at (a,f(a)).
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Linear approximations

» If f is differentiable at a, we call the function

L(x) = f'(a)(x — a) + f(a)
the linearization of f at a.

» That is, L is the function whose graph is the line tangent to the graph
of f at (a,f(a)).

» We should expect that, for x close to a, f(x) =~ L(x).
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Linear approximations

» If f is differentiable at a, we call the function
L(x) = f'(a)(x — a) + f(a)

the linearization of f at a.

» That is, L is the function whose graph is the line tangent to the graph
of f at (a,f(a)).

» We should expect that, for x close to a, f(x) ~ L(x).

» We have seen this previously with our discussion of sin(x) ~ x for x
close to 0.
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Linear approximations

» If f is differentiable at a, we call the function
L(x) = f'(a)(x — a) + f(a)

the linearization of f at a.

» That is, L is the function whose graph is the line tangent to the graph
of f at (a,f(a)).
» We should expect that, for x close to a, f(x) ~ L(x).

» We have seen this previously with our discussion of sin(x) ~ x for x
close to 0.

» That is, the linearization of f(x) = sin(x) at x = 0 is L(x) = x.
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Error

> If we let e(h) = f(a+ h) — L(a+ h), then e(h) is the amount of error
committed by approximating f(a + h) by L(a+ h).
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Error

» Now

> If we let e(h) = f(a+ h) — L(a+ h), then e(h) is the amount of error
committed by approximating f(a + h) by L(a+ h).

lim e(h) = lim (f(a+ h) = f(a) — f'(a)h) = f(a) - f(a) = 0
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Error

> If we let e(h) = f(a+ h) — L(a+ h), then e(h) is the amount of error
committed by approximating f(a + h) by L(a+ h).
> Now

lim e(h) = lim (f(a+ h) — f(a) — f'(a)h) = f(a) - f(a) = 0.
» Moreover,

im & _ o flath) = f(a) — Fi(a)h
h—0 h h—0 h
, fla+h)—f(a)
- /llno < h —f (3)>
= f'(a) — f'(a) = 0.
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Error

> If we let e(h) = f(a+ h) — L(a+ h), then e(h) is the amount of error
committed by approximating f(a + h) by L(a+ h).
> Now

lim e(h) = lim (f(a+ h) = f(a) — f'(a)h) = f(a) - f(a) = 0.

» Moreover,
im &) _ i, flath) = f(a) - f'(a)h
h—0 h h—0 h
. (fla+h)—f(a)
= ;Llno < b —f (a))

= f'(a) — f'(a) = 0.

» This says that the error of the approximation approaches 0 faster than
h approaches 0.
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Error

> If we let e(h) = f(a+ h) — L(a+ h), then e(h) is the amount of error
committed by approximating f(a + h) by L(a+ h).
> Now

lim e(h) = lim (f(a+ h) = f(a) — f'(a)h) = f(a) - f(a) = 0.

» Moreover,

e(h) _ . fla+h)—f(a) = f(a)h

f!i_rpo h h—0 h
o (fla+h)—fla)
B llvlno < h -f (a))

= f'(a) — f'(a) = 0.

» This says that the error of the approximation approaches 0 faster than
h approaches 0.

» In fact, L is the only linear function that has this property for a given
function f and point a.
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Example

» To approximate /101, we consider the function f(x)

JX.
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Example
» The linearization of f at 100 is

» To approximate v/101, we consider the function f(x) = /x

(x) = %(x —100) + 10.
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Example

» To approximate v/101, we consider the function f(x) = /x
» The linearization of f at 100 is

1
L(x) = %(X —100) + 10.
» Hence

1 201
VIOL = £(101) ~ L(101) = 5 +10= % = 10.05.
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Example
» To approximate v/101, we consider the function f(x) = /x

» The linearization of f at 100 is
» Hence

1
L(x) = %(X —100) + 10.

V101 = £(101) ~ L(101)

1 201
=20 +10 = 20 = 10.05.
» Another approximation:
2 99
V98 = f(98) ~ L(98) = 50 + 10 = 0= 9.9.
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Example

» To approximate v/101, we consider the function f(x) = v/x.

» The linearization of f at 100 is

1
L(x) = %(X —100) + 10.

» Hence
1 201
V101 = f(101) ~ L(101) = — + 10 = 201 = 10.05.
20 20
» Another approximation:
2 99
V98 = f(98) ~ L(98) = 50 + 10 = 0= 9.9.

» Note: to four decimal places, +/101 = 10.0499 and v/98 = 9.8995, so
this simple approximation is very close.
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Example (cont'd)

> Graph of f(x) = y/x and L(x) = 55(x — 100) + 10:
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Example (cont'd)
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> Graph of f(x) = y/x and L(x) = 55(x — 100) + 10:



Example

» If f(x) = v/1+ x, then

f'(x) =
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Example

> If f(x) = v/1+ x, then

f'(x) =

> Hence £(0) =1 and f'(0) = £
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Example

> If f(x) = v/1+ x, then

f'(x) =

1
5(1+ x)
» Hence f(0) =1 and f'(0) = ;.
» So the the linearization of f at 0 is
L(x)=1+ 1x.
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Example

> If f(x) = v/1+ x, then

f'(x) = L

5(1+x)%.
» Hence f(0) =1 and f'(0)

=i
> So the the linearization of f at 0 is

1
L(x) =1+ =x.
(x) + X
» For example,

v/1.05 = £(0.05) ~ L(0.05) = 1 +0.01 = 1.01.
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Example

> If f(x) = v/1+ x, then

f'(x) = ! e
5(1+ x)5
» Hence (0) =1 and f'(0)

=i
> So the the linearization of f at 0 is

1
L(x) =14 =x.
» For example,

v/1.05 = £(0.05) ~ L(0.05) = 1 +0.01 = 1.01
» To four decimal places, v/1.05 = 1.0098.
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