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Definition

by

F(x) = fim LR = ()
h—0
provided the limit exists.

» The derivative of a function f is the function f’ with value at x given
h
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Definition

» The derivative of a function f is the function f’ with value at x given
by

. f(x+h)—1f(x)
() —
700 = fim =
provided the limit exists.

I

» We say f is differentiable on an open interval (a, b) if f'(x) exists for
all x in (a, b).
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Example

> If f(x) = x2, then

/ . fx+h) = f(x)
Fla) = /Lino h
_ (x + h)? —
h—0 h
. (x2 + 2xh + h?) —
h—0 h
— lim h(2x + h)
h—0

= lim (2x + h) = 2x.
h—0
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Example

> If f(x) = x2, then

() = fim TF ”,), d
_ (x + h)? —
- h—0 h

(x2 + 2xh + h?) —

= lim
h—0 h

i P(2x A+ )
h—0

= lim (2x + h) = 2x.
h—0

» For example, f/(1) = 2, as we have seen before.
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Example

» If f(x) =/, then

f'(x) =
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lim f(x+ h) —f(x)

h—0 h

lim ”X+ vxth=yx

h—0

im (\/X-l- f) (x/x—l—h—i-\/)_(
h—0 h Vx+h+/x
- (x 4+ h) —x

h—0 h(\/m+ \/;)
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Example (cont'd)

» For example, f/(9) =
graph of y = {/x at (
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1
y=6(x—9)+3.
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Example (cont'd)

» For example, f/(9) = %,
graph of y = y/x at (9,3) is
1
y = E(X —-9)+3.

» Note: the domain of f is [0, 00), while the domain of " is (0, c0).

o =
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Example (cont'd)

> Graphs of y = /x and y = £(x — 9) + 3
5
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Example

» Suppose m and b are constants and f(x) = mx + b.
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Example

» Suppose m and b are constants and f(x) = mx + b.
» Then

F(x) = A@O f(x+ hz— f(x)
(m(x + h) + b) — (mx + b)
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Example

» Suppose m and b are constants and f(x) = mx + b.
» Then

F(x) = I!’ii)no f(x+ hg— f(x)
(m(x + h) + b) — (mx + b)

» That is, the derivative at any point is the slope of the line
y = mx + b, which is the graph of f.

] = =
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Slopes

from lines to arbitrary curves.

» We may think of the derivative as generalizing the notion of slope

Dan Sloughter (Furman University)

Derivatives



Slopes

» We may think of the derivative as generalizing the notion of slope
from lines to arbitrary curves.

» That is, we may think of f/(x) as the slope of the graph of f at x.
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Example

» If f(x) = |x|, then
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Example

> If f(x) =|x

» Now
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Example

> If f(x) =|x

, then
f(0+ h) —£(0) . |h|
! — -
F(0) f|1|—>0 h —’ILnO h’
» Now
m_ -1, ifh<O,
h | 1, ifh>o0.
» Hence 04 h (0
lim (O+h) - ():—1
h—0— h
and FO+h) —f
im Q) = F(0)
h—0+

=1
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Example (cont'd)

» Thus

does not exist.
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Example (cont'd)

» Thus

im f(0+ h) — £(0)
h—0 h
does not exist.

» In other words, f is not differentiable at x = 0.
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Example (cont'd)

» Thus

im f(0+ h) — £(0)
h—0 h
does not exist.

> In other words, f is not differentiable at x = 0.
» Note: f is continuous at 0.
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Example (cont'd)

> Thus f(0+ h f(0
-0+ h) ~ £(0)
h—0 h

does not exist.

> In other words, f is not differentiable at x = 0.
» Note: f is continuous at 0.

» Hence a function may be continuous at a point without being
differentiable at that point.
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Theorem

» If f is differentiable at a, then f is continuous at a.
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Proof

» Suppose f is differentiable at x = a.
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Proof

> Suppose f is differentiable at x = a.

lim £(a -+ h) = £(a).

» To show f is continuous at a, we need to show that
a
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Proof

> Suppose f is differentiable at x = a.

» To show f is continuous at a, we need to show that
Il7im0 f(a+ h) = f(a).

» Equivalently, we need to show lim (f(a+ h) — f(a)) = 0.

h—0

=] F
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Proof

> Suppose f is differentiable at x = a.

» To show f is continuous at a, we need to show that
Il7im0 f(a+ h) = f(a).

» Equivalently, we need to show Ilimo(f(a + h) —f(a)) =0.

» Now

_ i A @)
h—0 h h—0
= f'(a) x 0 = 0.
o = = = = DA
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Higher-order derivatives

» Note: if a function f is differentiable on an interval (a, b), then its
differentiable on (a, b).

derivative f’ is also function on (a, b). Hence we can ask if f’ is itself
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Higher-order derivatives

» Note: if a function f is differentiable on an interval (a, b), then its
derivative f’ is also function on (a, b). Hence we can ask if f’ is itself
differentiable on (a, b).

» If f' is differentiable, we denote its derivative by f”, the second
derivative of f.

o =3 = E DA
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Higher-order derivatives

» Note: if a function f is differentiable on an interval (a, b), then its
derivative f’ is also function on (a, b). Hence we can ask if f’ is itself
differentiable on (a, b).

» If £’ is differentiable, we denote its derivative by f”, the second
derivative of f.

» Example
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Higher-order derivatives

» Note: if a function f is differentiable on an interval (a, b), then its
derivative f’ is also function on (a, b). Hence we can ask if f’ is itself
differentiable on (a, b).

» If £’ is differentiable, we denote its derivative by f”, the second
derivative of f.

> Example
> If f(x) = x2, then we know F(x) = 2x.
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Higher-order derivatives

» Note: if a function f is differentiable on an interval (a, b), then its
derivative f’ is also function on (a, b). Hence we can ask if f’ is itself
differentiable on (a, b).

» If £’ is differentiable, we denote its derivative by f”, the second
derivative of f.

» Example

» If f(x) = x2, then we know f’(x) = 2x.
» Hence, from our work above, we know ”(x) = 2.
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Higher-order derivatives (cont'd)

» We denote the third derivative of f by f"’(x), and so on.
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Higher-order derivatives (cont'd)

» We denote the third derivative of f by f"’(x), and so on.

» Note: the prime notation eventually becomes cumbersome.
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Higher-order derivatives (cont'd)

» We denote the third derivative of f by f"’(x), and so on.
> Note: the prime notation eventually becomes cumbersome.

> In general, we denote the nth derivative of f by f(")(x)
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Higher-order derivatives (cont'd)

» We denote the third derivative of f by f"’(x), and so on.
> Note: the prime notation eventually becomes cumbersome.

> In general, we denote the nth derivative of f by f(")(x).
» Example

=} =2 = DQAC
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Higher-order derivatives (cont'd)

» We denote the third derivative of f by f"’(x), and so on.
> Note: the prime notation eventually becomes cumbersome.

> In general, we denote the nth derivative of f by f(")(x).
» Example

» If f(x) = x?, then, as above, f'(x) = 2x and f"(x) = 2.

=} =2 = DQAC
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Higher-order derivatives (cont'd)

» We denote the third derivative of f by f"(x), and so on.
> Note: the prime notation eventually becomes cumbersome.

> In general, we denote the nth derivative of f by f(")(x).
» Example

» If f(x) = x?, then, as above, f'(x) = 2x and f"(x) = 2.
» Then f”’(x) = 0 and f®)(x) = 0.
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Leibniz notation

d?y
X as v

» If y = f(x), we also denote the second derivative of y with respect to

Dan Sloughter (Furman University)

Derivatives



Leibniz notation

2
X as 37}1.

» In general, the nth derivative is denoted

d"y

» If y = f(x), we also denote the second derivative of y with respect to
dxn -
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Leibniz notation

» If y = f(x), we also denote the second derivative of y with respect to

2
X as 3751.

» In general, the nth derivative is denoted %.
» Example
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Leibniz notation

» If y = f(x), we also denote the second derivative of y with respect to
2
X as 3751.

» In general, the nth derivative is denoted %.
» Example
» If y = x2, then

dy d’y d3y d*y
—_— = —= =2—— =0, and =0.
dx X dx2 " dx3 »and e
o <@ =» «=» =
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Acceleration

» Recall: if y = f(t) is the position of an object moving along a straight
line at time t, then v = f'(t) is the velocity of the object at time t.
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Acceleration

dv __ i
G=f

» Recall: if y = f(t) is the position of an object moving along a straight
line at time t, then v = f’(t) is the velocity of the object at time t.
» Then a =

(t) is the acceleration of the object at time t.
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