Section 4.3

Line Integrals

We will motivate the mathematical concept of a line integral through an initial discussion
of the physical concept of work.

Work

If a force of constant magnitude F' is acting in the direction of motion of an object along
a line, and the object moves a distance d along this line, then we call the quantity F'd the
work done by the force on the object. More generally, if the vector F represents a constant
force acting on an object as it moves along a displacement vector d, then

d
F- Tl (4.3.1)

is the magnitude of F in the direction of motion (see Figure 4.3.1) and we define

d
(F- W) |d|=F-d (4.3.2)

to be the work done by F on the object when it is displaced by d.

-
d

d
Figure 4.3.1 Magnitude of F in the direction of d is F - u, where u = ——

We now generalize the formulation of work in (4.3.2) to the situation where an object
P moves along some curve C' subject to a force which depends continuously on position
(but does not depend on time). Specifically, we represent the force by a continuous vector
field, say, F' : R" — R", and we suppose P moves along a curve C' which has a smooth
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F(e(1)

Figure 4.3.2 Object P moving along a curve C subject to a force F

parametrization ¢ : I — R" where I = [a,b]. See Figure 4.3.2. To approximate the
work done by F' as P moves from ¢(a) to ¢(b) along C, we first divide I into m equal

subintervals of length
_b—a

At

m
with endpoints tg = a < t; <ty < --- < t,, =b. Now at time tx, k =0,1,...,m—1, P
is moving in the direction of Dp(t) at a speed of | Dp(tr)||, and so will move a distance
of approximately || Dg(ty)||At over the time interval [ty,txr41]. Thus we may approximate
the work done by F as P moves from ¢(tx) to ¢(txy1) by the work done by the force
F(p(tr)) in moving P along the displacement vector Dy(t))At, which is a vector of length
| Do(tr)||At in the direction of Dp(ty). That is, if we let W denote the work done by F
as P moves from ¢(tx) to ¢(tx—1), then

Wy ~ F(p(tr)) - Do(ty) At. (4.3.3)

If we let W denote the total work done by F' as P moves along C', then we have

W = mz_ Wi = mz_ F(g@(tk)) . Dgo(tk)At. (4.3.4)
k=0 k=0

As m increases, we should expect the approximation in (4.3.4) to approach W. Moreover,
since F'(p(t)) - De(t) is a continuous function of ¢ and the sum in (4.3.4) is a left-hand rule
approximation for the definite integral of F'(¢(t))- Dp(t) over the interval [a, b], we should

have
m—1

b
W= lim Y F(o(t)) Dolt)At= [ Flo)-Delodr.  (435)
k=0 @
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Example Suppose an object moves along the curve C parametrized by ¢(t) = (¢,t?),

—1 <t <1, subject to the force F'(x,y) = (y,z). Then the work done by F' as the object
moves from p(—1) = (—1,1) to p(1) = (1,1) is

W= / Flelt) - Dolt)de

F(t,t%) - (1,2t)dt
1(t2,t)-(1,2t)dt

-1
1

3t2dt
—1
= t3|1—1

= 2.

Il
— — —

2774
the curve C in the previous example. Using the same force function F', we have

/_ZF(@Z;(t))  De(t)dt = /_22 (% %) - (% %) dt
-/ T3
_9 8

3]
)
—9.

Example The function ¥(t) = (t ﬁ), —2 <t <2, is also a smooth parametrization of

-2

This is the result we should expect: as long as the curve is traversed only once, the work
done by a force when an object moves along the curve should depend only on the curve
and not on any particular parametrization of the curve.

We need to verify the previous statement in general before we can state our definition
of the line integral. Note that in these two examples, ¥(t) = ¢ (%) In other words,
Y(t) = ¢(g(t)), where g(t) = £ for —2 <t < 2. In general, if ¢(¢), for ¢ in an interval [a, b],
and (), for ¢ in an interval [c,d], are both smooth parametrizations of a curve C' such
that every point on C' corresponds to exactly one point in I and exactly one point in J,
then there exists a differentiable function g which maps J onto I such that () = ¢(g(t)).
Defining such a g is straightforward: given any ¢ in [c,d], find the unique value s in [a, b]
such that ¢(s) = ¥ (t) (such a value s has to exist since C is the image of both ¥ and ).
Then ¢(t) = s. Proving that g is differentiable is not as easy, and we will not provide a
proof here. However, assuming that g is differentiable, it follows that for any continuous
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vector field F',

d
— [ Fleto(o) - Detol)g () (43.6)

Now if we let

u=g(t),
d _gl(t)dt7
in (4.3.6), then
d b
| Fw) - Dttt = [ Flew) - Do (43.7)

if g(¢) = a and g(d) = b (that is, p(a) = ¥(c) and ¢(b) = ¥(d), and

d a a
/ F(t)) - Dp(t)dt = / F(p(u) - Dop(u)dt = — / F(p(u)  Do(uw)dt  (4.3.8)

if g(¢) = b and g(d) = a (that is, p(a) = 1(d) and p(b) = 1)(c). Note that the second case
occurs only if 1) parametrizes C' in the reverse direction of ¢, in which case we say v is an
orientation reversing reparametrization of ¢. In the first case, that is, when p(a) = ¥(c)
and ¢(b) = ¢(d), we say v is an orientation preserving reparametrization of ¢. Our results
in (4.3.7) and (4.3.8) then correspond to the physical notion that the work done by a force
in moving an object along a curve is the negative of the work done by the force in moving
the object along the curve in the opposite direction. From now on, when referring to a
curve C, we will assume some orientation, or direction, has been specified. We will then
use —C to refer to the curve consisting of the same set of points as C, but with the reverse
orientation.

Line integrals

Now that we know that, except for direction, the value of the integral involved in computing
work does not depend on the particular parametrization of the curve, we may state a formal
mathematical definition.

Definition Suppose C is a curve in R™ with smooth parametrization ¢ : I — R", where
I = [a,b] is an interval in R. If F': R" — R" is a continuous vector field, then we define
the line integral of F' along C, denoted

/F-ds,
C

/ Fods = / " F(o(t)) - Do(t)dt. (4.3.9)
C a
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As a consequence of our previous remarks, we have the following result.

Proposition Using the notation of the definition,

/F-ds
c

depends only on the curve C' and its orientation, not on the parametrization . Moreover,

/ F.ds= —/ F -ds. (4.3.10)
—C c

Example Let C be the unit circle centered at the origin in R?, oriented in the counter-
clockwise direction, and let

F(m,y)=< Y - >= . (—y, 2).

_x2+y2’:c2+y2 x2+y2

To compute the line integral of F' along C, we first need to find a smooth parametrization
of C'. One such parametrization is

p(t) = (cos(t),sin(?))
for 0 <t < 2w. Then

/ Fods = / " F(cos(t), sin(t)) - (— sin(t), cos(t))dt
C 0

27 1 ' |

/0 cos2(t) + sin?(t) (—sin(t), cos(t)) - (—sin(t), cos(t))dt
27

= [ i) + o)

0
2

/
2.
t),c

s
os(t)), 0 < t < 27, parametrizes —C, from which we can calculate

dt

Note that ¢ (t) = (sin(

/ Feds— / " F(sin(t), cos(t)) - (cos(t), — sin(t))dt
-C 0

— /027r w0 1 (= cos(t), sin(t)) - (cos(t), — sin(t))dt

+ cos?(t)
27
= /0 (= cos?(t) — sin?(t))dt

27
:_/ dt
0

= —2m,

in agreement with the previous proposition.
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Figure 4.3.3 Rectangle with counterclockwise orientation

A piecewise smooth curve is one which may be decomposed into a finite number of
curves, each of which has a smooth parametrization. If C is a piecewise smooth curve

composed of the union of the curves Cq, Cs, ..., C),, then we may extend the definition
of the line integral to C' by defining
/F-ds:/ F-d8+/ F-ds+-~-+/ F - ds. (4.3.11)
c Ch Cs Cm,

The next example illustrates this procedure.

Example Let C be the rectangle in R? with vertices at (0,0), (2,0), (2,1), and (0, 1),
oriented in the counterclockwise direction, and let F(z,y) = (y2,2xy). If we let Cy, Co,
Cs, and Cy be the four sides of (', as labeled in Figure 4.3.3, then we may parametrize C'
by

a(t) = (t,0),
0<t<2,Cs by
Bt) = (2,1),
0<t<1,C5by
V() =(2-11),
0<t<2,and Cy4 by
i(t) = (0,1 —1),

0<t<1. Then

/F-ds:/ F-ds+/ F-ds+/ F-ds+/ F-ds
C Cl CQ C3 04

:/QF(t,O)-(l,O)dt+/1 F(2,t)~(O,1)dt+/2F(2—t,1)-(—1,0)dt
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1
+/ F(0,1— 1) (0,—1)dt
0
2 1 2
= / (0,0) - (1,0)dt —I—/ (t2,4t) - (0,1)dt +/ (1,4 —2t)-(—1,0)dt
0 0 0
1
—l—/ (1 —=1)%,0)- (0, —1)dt

1
/0ﬁ+/4m+/ 1W+/Oﬁ
0

= 2t2
_2—2
=0.

Note that it would be slightly simpler to parametrize —C3 and —C, using

o(t) = (1,1),
0<t<2 and
Y(t) = (¢,0),

0 <t <1, respectively, than to parametrize C's and Cy directly. We would then evaluate

/F‘ds:/ F-ds+ F~ds—/ F~d5—/ F -ds.
C Cl 02 —C’3 _C4

A note on notation

Suppose C' is a smooth curve in R", parametrized by ¢ : I — R", where I = [a,b], and let
F :R"™ — R" be a continuous vector field. Our notation for the line integral of F' along C'
comes from letting s = ¢(t), from which we have

ds
— = Dot
5 = Delt),
which we may write, symbolically, as
ds = Dop(t)dt.
Now suppose @1, @2, ..., ¢, and Fi, Fs, ..., F, are the component functions of ¢ and
F', respectively. If we let
z1 = p1(t),
T2 = P2 (t)7

Ty = Son(t)a
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then we may write

/CF-ds:/a Flo(t)) - Dy(t)dt
:/ F(a1(t),za(t), .., 2n(t) - (971(1), p2(t), -y, (1)) dl

= / (Fi(z1(2), 22(2), - wn ()01 (1) + Fa(a(8), 22(t), - -, 2n (1))@ (E)) + - -+

+ Fn($1(t)7 372(t)7 e ,ajn(t))(p%(t))dt
b

b
:/ Fl(acl(t),a:g(t),...,xn(t))go’l(t)dt—i—/ Fa(z1(t), xa(t), ..., zn(t))ps(t)dt

b
bt / Fo(z1(8), 22(t), - 2(8)) (1) dt. (4.3.12)

Suppressing the dependence on t, writing dxj, for ¢} (t)dt, k = 1,2,...,n, and using only
a single integral sign, we may rewrite (4.3.12) as

/Fl(xl,xg,...,a:n)dxl+F2(x1,ac2,...,xn)dx2—|—---—f—Fn(a:l,xg,...,xn)dxn. (4.3.13)
C

This is a common, and useful, notation for a line integral.

Example We will evaluate
/ ydx + xdy + 2%dz,
c

where C' is the part of a helix in R® with parametric equations
x = cos(t),
y = sin(t),
z =1,

0 <t < 27. Note that this is equivalent to evaluating

/F-ds,
c

where F : R* — R? is the vector field F(z,vy,2) = (y,, 22). We have

/ ydr + xdy + 2*dz = / 7r(sim(t)(— sin(t)) 4 cos(t) cos(t) + t%)dt
C 0
= /o (cos®(t) — sin®(t) + t?)dt

= /27T(COS(2t) + t)dt
0

27 27
1
+ =t?

1
= — sin(2t)
2 . '3

0
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Gradient fields

Recall that if f : R” — R is C!, then Vf is a continuous vector field on R"™. Suppose
p: 1 —R" I=]a,bl], is a smooth parametrization of a curve C. Then, using the chain
rule and the Fundamental Theorem of Calculus,

b
/ V- ds = / VF(o(t) - Dep(t)dt
C a
b

— [ G

= fe)|"
= Fp(®) — f(p(a)).

Theorem If f:R" — Ris C' and ¢ : I — R", I = [a,b], is a smooth parametrization
of a curve C, then

/C Vf-ds = [(o(b) — flpla). (4.3.14)

Note that (4.3.14) shows that the value of a line integral of a gradient vector field
depends only on the starting and ending points of the curve, not on which particular
path is taken between these two points. Moreover, (4.3.14) provides a simple means for
evaluating a line integral if the given vector field can be identified as the gradient of a scalar
valued function. Another interesting consequence is that if the beginning and ending points
of C are the same, that is, if v = p(a) = ¢(b), then

/C Vf-ds = f(p(b) — (b)) = (v) — f(v) = 0. (43.15)

We call such curves closed curves. In words, the line integral of a gradient vector field is
0 along any closed curve.

Example If F(x,y) = (y,z), then
F(xz,y) =V [(z,y),
where f(z,y) = xy. Hence, for example, for any smooth curve C' starting at (—1,1) and

ending at (1,1) we have

/F~ds:f(1,1)—f(—1,1):1+1:2.
C

Note that this agrees with the result in our first example above, where C' was the part of
the parabola y = 22 extending from (—1,1) to (1,1).

Example If f(x,y) = zy?, then

Vi(z,y) = (7, 2y).
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If C is the rectangle in R* with vertices at (0,0), (2,0), (2,1), and (0,1), then, since C is
a closed curve,

/ y2dx + 2xydy = 0,
c

in agreement with an earlier example. Similarly, if F is the unit circle in R? centered at
the origin, then we know that

/ y2dx + 2xydy = 0,
E

with no need for further computations.

In physics, a force field F' is said to be conservative if the work done by F' in moving
an object between any two points depends only on the points, and not on the path used
between the two points. In particular, we have shown that if F' is the gradient of some
scalar function f, then F' is a conservative force field. Under certain conditions on the
domain of F', the converse is true as well. That is, under certain conditions, if F' is a
conservative force field, then there exists a scalar function f such that F' = V f. Problem
9 explores one such situation in which this is true. The function f is then known as a
potential function.

Problems

1. For each of the following, compute the line integral / F' - ds for the given vector field
c
F and curve C' parametrized by .

(a ('T’ ) - ('Tya 3$)= Sp(t) = (t2’t)7 0<t<2

= i v = in s
(b) F(x,y) = (xQ i +y2), ©(t) = (cos(t),sin(t)), 0 <t <2
(¢) F(z,y) = 3z — 2y, 4a%y), (t) = (t°,¢%), -2 <t <2
(d) F(x,y,2) = (zyz,3xy?,42), o(t) = (3t,1%,4t3), 0 < t < 4

) Fx,y
F(x,y
F

2. Let C be the circle of radius 2 centered at the origin in R?  with counterclockwise
orientation. Evaluate the following line integrals.

(a) /3xdx—l—4ydy (b) /8xyd:v—|—4:c2dy
c c

3. Let C be the part of a helix in R? parametrized by ¢(t) = (cos(2t),sin(2t),t), 0 <t <
27. Evaluate the following line integrals.

(a) / 3xdx + dydy + zdz (b) / yzdr + xzdy + rydz
C C

4. Let C be the rectangle in R? with vertices at (—1,1), (2,1), (2,3), and (—1,3), with
counterclockwise orientation. Evaluate the following line integrals.

(a) / r?ydr + (3y + z)dy (b) / 2xydx + x2dy
C C
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5. Let C be the ellipse in R? with equation

332

2

Y
T
g Th

with counterclockwise orientation. Evaluate / F -ds for F(z,y) = (4y, 3z).
c

6. Let C be the upper half of the circle of radius 3 centered at the origin in R?, with
counterclockwise orientation. Evaluate the following line integrals.

(a) /C Syda (b) /C dady

7. Evaluate

£ Y
- d d
/C:c2+y2 T W
where C' is any curve which starts at (1,0) and ends at (2, 3).

8. (a) Suppose F : R™ — R" is a C! vector field which is the gradient of a scalar function
f:R" — R. If F}, is the kth coordinate function of F', k = 1,2,...,n, show that

0 0
%jﬂ(wl,xg, e ,.’L‘n) = 8—xiFj(.’L‘1,l‘2, e ,xn)
fort=1,2,....,nand j=1,2,...,n.
(b) Show that although

/ xdx 4+ xydy =0
c

for every circle C'in R? with center at the origin, nevertheless F(z,y) = (z, zy) is
not the gradient of any scalar function f: R" — R.

(c) Let

Y x
F(Ivy) = (_$2+y271‘2+y2>

for all (x,y) in the set S = {(z,y) : (z,y) # (0,0)}. Let Fy} and Fy be the
coordinate functions of F'. Show that

0 0
a_yFl(xvy) - %F2(x7y)

for all (x,y) in S, even though F' is not the gradient of any scalar function . (Hint:
For the last part, show that
/ F-ds=2m,
C

where C' is the unit circle centered at the origin.)
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9. Suppose F : R? — R? is a continuous vector field with the property that for any curve

C,
/F-ds
c

depends only on the endpoints of C'. That is, if ¢y and Cy are any two curves with
the same endpoints P and @, then

/ F-d.s:/ F - ds.
Cl CQ

/ F.-ds=0
C
for any closed curve C.
(b) Let Fy and F, be the coordinate functions of F. Define f : R*> — R by

(a) Show that

f(:l:?y):/CFdS?

where C' is any curve which starts at (0,0) and ends at (z,y). Show that

gyf(xay) = Fz(ll?,y)-

(Hint: In evaluating f(z,y), consider the curve C' from (0, 0) to (z, y) which consists
of the horizontal line from (0,0) to (z,0) followed by the vertical line from (z,0)

to (z,y).)
(c) Show that Vf = F.



