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9.1 Limit of a function

Definition 9.1. Suppose S C C, f : S — C, and 2z is an accumulation
point of S. We say that the limit of f(z) as z approaches z; is wy if for every
€ > 0 there exists a 6 > 0 such that

() —wol <€

whenever z € S and
0< ‘Z — Zo| < 0.

We write either lim f(z) = wg or f(z) — wp as z — zo.

zZ—20
Equivalently, the definition says that given any € neighborhood V' of wy,
there exists a deleted § neighborhood U of 2y such that f(z) € V whenever
z € UNS. The assumption that zy is an accumulation point of S guarantees
that U NS # 0.
Note that if S is a region, then z; may be any point either in S or in the
boundary of S.

Proposition 9.1. Suppose SC Cand f: S — C. If

lim f(z) = wp

z—20

and
lim f(Z) = wr,

Z—20

then wy = wy.



Proof. Suppose wy # w; and let

_ |wo — wy]
5 .
Then € > 0, so there exists d; > 0 such that

€

() —wol <€

whenever z € S and 0 < |z — 2| < 0; and there exists d, > 0 such that

f(z) —wn| <e

whenever z € S and 0 < |z — 29| < d2. Let § be the smaller of §; and Js.
Then for z € S with 0 < |z — zo| < 4,

|wo — w1 = |(f(2) —w1) = (f(2) —wo)| < [f(2) —wi] +[f(2) — wol < 2e,
contradicting the choice of e. O

Example 9.1. Suppose ¢ € C and define f : C — C by f(z2) = ¢. We will
show that, for any zo € C,
lim f(z) =c.

22— 20

Given € > 0, we need to find § > 0 such that
[f(z) —c <e

whenever

0< ‘Z — Zo| < 0.
Since |f(z) — ¢| = |c — ¢| = 0 for all z, clearly any value of § will work.
Example 9.2. Define f : C — C by f(z) = z. We will show that, for any

20 € (C,
lim f(z) = 2.

zZ—20

Given € > 0, we need to find § > 0 such that

|f(2) — 20|l <€

whenever
Since |f(2) — 20| = |z — 20| for all z, we will obtain the desired result by
setting 0 = e.



9.2 Properties of limits

Proposition 9.2. Suppose f: S —-Cand g: S — C. If

lim f(z) = wp and lim g(z) = wy,

zZ—20 Z—20
then
lim (f(2) + g(2)) = wo +ws.

2—20

Proof. Given € > 0, there exists 9; > 0 such that

£(2) = wol < 3

whenever z € S and 0 < |z — 2| < d; and there exists d > 0 such that

€
l9(2) —wy| < 5

whenever z € S and 0 < |z — 2| < d2. Let § be the smaller of §; and Js.
Then

(F(2) +9(2)) — (o +wn)| < £(2) —wol +]g(=) —wn] < &+ 5 =

whenever z € S and 0 < |z — 29| < 0. Hence

lim (f(2) + g(2)) = wo + w;.

zZ—20

Proposition 9.3. Suppose f: S —-Candg: S — C. If

lim f(z) = wp and lim g(z) = wy,

Z2—20 z—20

then
lim (f(2)g(2)) = wows.

z2—20

Proof. We first note that

1(2)9(2) = woun| = [f(2)g(2) = wog(2) + wog(2) — wow|
= 19(2)(f(2) — wo) +wo(g(2) — w)]

3



< [g(2)IIf(2) = wol + |wollg(2) — wnl.

Now we may choose §; > 0 such that
l9(2) —wi| <1
whenever z € S and 0 < |z — 29| < ;. It follows that
9(2)] = I(9(2) = w1) +wi| <|g(2) —wi] + wi] < T+ Jwy

whenever z € S and 0 < |z — zy| < d;. Moreover, we may choose d > 0 such

that
€

2) —wo| < ———
whenever z € S and 0 < |z — zy| < d2 and we may choose d3 > 0 such that

9(2) = wil < g
g 1S 201+ Juo))

whenever z € S and 0 < |z — 29| < d5. Now let 6 be the smaller of 0y, 0,
and 03. If z € S and 0 < |z — 29| < d, then

9IS ()~ wnl < 1+ ) = = 5

and
€

€
_ < (1 571 N 5"
[wollg(z) = wnl < (L + Jwol) 50y = 3

Hence
|f(2)g(2) — wowr| <€

whenever z € S and 0 < |z — zy| < 4, and so

lim f(2)g(2) = wows.

z—20
Proposition 9.4. Suppose f: S —Candg: S — C. If
lim f(z) = wp and lim g(z) = wy,

2—20 z2—20

and w; # 0, then

lim f(2) = %.
2=z g(2)  w



Proof. We first note that
‘ f _ Wo

_ 'wlf(z) — wog(2)
w1 g(2)
_ lwy f(2) — wow + wow; — wog(2)|
lwi|lg(2)]
[wi|[f(2) — wol + |wol|g(2) — wi]
[wi|lg(2)] '

If we choose §; so that

whenever z € S and 0 < |z — 29| < d1, then

9(2)] = [(9(2) = wi) +wi] 2 [fun] = |g(2) = wn ]| = fwi| = |g(2) —wi| > ==
whenever z € S and 0 < |z — 2| < d;. It follows that for such values of z,

‘M_@

2|wo|

<|j—1||f(z)—w| Ttla() .

Now choose d5 > 0 such that

whenever 0 < |z — 2| < d3. If |wo| = 0, let 05 = 1. It now follows that if ¢ is
the smallest of d1, 2, and d3, then

’UJ
10w

and so
lim f(z) = %o

=0 g(z)  w




Proposition 9.5. If P is a polynomial, then for any 2, € C,

lim P(z) = P(z).

z—20

If R is a rational function and R(zy) # 0, then

lim R(z) = R(zo).

Z—20

Proof. The result is an immediate consequence of the previous propositions
combined with the limits

limc=c
z—20
for any constant ¢ € C and
lim z = zg.
zZ—20

Example 9.3. We may now compute

.o 22+1 0 (20)2+1 -3 3.
=2 23 441 (20)3+4i —4i

Proposition 9.6. Suppose S C C, f: S — C, f(z+iy) = u(z,y) +iv(z,y),
20 = To + 1Yo, and wy = ug + 1vy. Then

lim f(z) = wp
2—20
if and only if
Iim  w(x,y) =u
(o) oy U Y) = 0
and
lim  o(z,y) = vg.
)y LY = 0

Proof. One direction follows from our earlier results: if

lim w(x,y) =u
B gy U Y) = o
and

lim  v(z,y) = vy,
o gy U8 Y) = 0



then
lim f(z) = lim w(z) + ¢ lim v(2) = ug + vy = wy.

2—20 z—20 z—20

For the other direction, suppose

lim f(z) = wy.

zZ—20

Then we may choose € > 0 such that

|f(2) — wol| < e
whenever z € S and 0 < |z — 29| < §. For such z, it follows that, with
z =T+ 1y,
[u(z, y) —uo| < [f(z) —wo| <e

and
0@, y) — vol < |£() — wol < e
Hence
lim uw(xr,y) =u
), g U Y) = U0
and

lim  v(x,y) = vp.
o gy U8 Y) = 0

]

Example 9.4. Suppose f(z+1iy) = 4zy+iy/z + y. Then, using limit results
from calculus,

lim f(z)= lim 4dzy+i lim Z+y=—60+iV2.

z2—5-31 (z,y)—(5,—3) (z,y)—(5,—3)
Example 9.5. Suppose
fz) =2
Z
Note that if z =z, z # 0, then
x
_ - = 1
e =2=1,
whereas if z =iy, y # 0,
iy
=7 =1,
fl) = %

Hence f(z) — 1 as z — 0 along the real-axis, while f(z) — —1 as 2 — 0
along the imaginary axis. Hence f(z) does not have a limit as z approaches
0.



