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34.1 Sequences

Definition 34.1. We say an infinite sequence zy, 2o, ..., 2z, of complex
numbers has a limit z if for every € > 0 there exists a positive integer ng such
that

|2 — 2] < €

whenever n > ng, in which case we write

lim z, =z
n—oo

and we say the sequence converges. If a sequence does not converge, we say
it diverges.

As with limits of functions, a sequence can have at most one limit. More-
over, if z, = x, + 1y, and z = x + iy, where z,,, y,, r,y € R, then

lim z, = z
n—oo

if and only if both
lim z, =«
n—oo

and

lim y, = y.
The proofs of these results parallel the corresponding proof for limits of
functions.



Example 34.1. Suppose
3 1
=\ )

3
lim z, = lim —2—1—2' lim (1+—2) = 1.
n—oo n—oo N, n—oo n

We could verify this limit from the definition as well by first noting that

Then

L 1| V10
and so, given € > 0, |z, — i| < € whenever
V10
n > .
Ve
34.2 Series
Definition 34.2. Given an infinite sequence 2z, 29, 23, . . ., let

SN221+ZQ—|—"'+ZN.

We call the sequence Si, S5, S3, ... an infinite series, which we denote

)
E Zn-
n=1

We call Sy a partial sum. If Sy converges with S = limy_. Sy, then we
say > - | zn converges and write

i Zn = S.
n=1

If Sy does not converge, we say >~ z, diverges.

Suppose z, = x, + 1y, and S = X + Y. Then it follows from previous

results that -
3o

n=1



if and only if N N

an = X and Zyn =Y.

n=1 =1
Proposition 34.1. If Y~ | z, converges, then lim,_, z, = 0.
Proof. Let S =" 2z, and Sy = 25:1 Zn. Then

]\P_IEOZN = ]\}IE}I(I)O(SN — SN—l) =5-5=0.

Definition 34.3. We say an infinite series
>
n=1

is absolutely convergent if the infinite series

o0

> lzl

n=1

converges.
Proposition 34.2. If " | z, is absolutely convergent, then it is convergent.

Proof. Suppose z, = x,, + iy, and

Z|zn| :Z vV, +
n=1 n=1

converges. Since

|xn| < \/33121"‘%21
yn| < V2 412,

it follows, by the comparison test, that both

[e%S)
D>l
n=1

3

and



and o
>l
n=1

converge. Hence, by a result from calculus, both > 7 x, and > 7 vy,
converge. Thus > | z, converges. O

Definition 34.4. Given a complex numbers ag, ai, as, ..., and zy, we call an
infinite series of the form

Zan(z —20)" = ag + a1(z — 20) + az(z — 20)* + - - -

n=0
a power Sertes

Example 34.2. Let z € C and consider the power series

i z".
n=0
If

Sn(z)=) 2"=1+z+22+ -+

then, from an earlier homework problem,

1—2N
Sn(z) = 1—2z"
when z # 1. Let
1
S(z) =
(2) =1
If we let
SN
pr(2) = 58(2) = Sn(2) = 7—,
then | ’N
z
It follows that
lim |o(2)| = 0



if and only if |z| < 1. That is.

> 1
Zznzl—z

n=0
if and only if |z| < 1. Put another way, the power series
1+z+22 4

converges to —— for all z in the open disk |z| < 1 and for no other points in
the plane.



